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PREFACE 

In  the  fall  of  1923  I  gave  six  lectures  on  relativity  at 
the  Lowell  Institute,  and  nearly  a  year  later,  eight 
lectures  on  the  same  subject  at  the  Southern  Branch 
of  the  University  of  California.  The  degree  of  general 
interest  manifested,  even  in  the  two  more  technical 
lectures  given  at  Los  Angeles,  seemed  to  indicate  the 
desirability  of  re\dsing,  extending,  and  unifying  this 
material  in  book  form.  My  friend  Professor  Hedrick 
encouraged  me  to  carry  out  such  a  project,  and  the 
book  now  lies  before  the  reader  as  part  of  the  Mac- 
millan  series  of  mathematical  publications  of  which  he 
is  editor. 

The  trend  of  the  times  is  toward  the  deeper  unifi- 
cation of  scientific  thought.  In  particular  it  is  be- 
ginning to  be  realized  that  there  are  a  few  basic  ideas 
out  of  which  arises  the  imposing  superstructure  of  the 
physical  sciences.  Without  doubt  the  theory  of 
relativity  has  been  the  greatest  single  influence  in  this 
direction,  for  it  has  thrown  all  physical  ideas,  including 
the  sacrosanct  concepts  of  space  and  time,  into  the 
fervid  crucible  of  creative  speculation.  The  theory  of 
Einstein  constitutes  a  revolutionary  advance,  compara- 
ble with  that  due  to  Copernicus,  and  seems  equally 
likely  to  affect  the  direction  of  mathematical,  physical, 
and  philosophical  development. 
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If  I  have  succeeded  in  portraying  clearly  the  origin, 
nature,  and  influence  of  these  basic  ideas,  and  their 
modification  in  the  theory  of  relativity,  a  main  pur- 
pose of  the  book  will  have  been  fulfilled.  I  hope  too 
that  I  have  been  able  to  contribute  somewhat  to  the 
analysis  of  such  fundamental  starting  points.  Other- 
wise the  book  will  not  be  a  real  factor  in  promoting 
unity  and  simplicity  of  thought  about  the  physical 
world.  Perhaps  the  most  specific  contribution  made 
lies  in  the  formulation  of  a  definite  theory  of  the 
structure  of  space  and  time,  of  matter  and  electricity, 
given  in  Chapters  VI  and  VII.  Here  only  are  to  be 
found  the  few  mathematical  equations  elsewhere 
avoided.  Even  the  non-mathematical  reader  should 
be  able  to  proceed  from  the  historical  and  logical  analy- 
sis of  the  basic  ideas  given  in  the  earlier  chapters,  and 
read  these  two  more  technical  ones,  so  as  to  perceive 
more  clearly  how  these  ideas  can  be  incorporated  in  the 
terse  and  exact  language  of  mathematical  symbolism. 
He  will  then  be  in  the  best  possible  position  to  follow 
the  estimate  of  the  philosophical  influence  of  relativity 
contained  in  the  concluding  chapter,  where  I  have  merely 
stated  my  general  position  without  any  attempt  at 
philosophical  finesse. 

In  my  opinion  the  range  of  material  covered  is  not 
beyond  the  comprehension  of  any  one  possessing  a 
modicum  of  scientific  training.  Consequently  I  ven- 
ture to  hope  that  the  book  will  prove  useful  in  a  mathe- 
matical, physical,  or  philosophical  course  covering  this 
field,  as  well  as  of  interest  to  the  general  scientific 
reader.     The  field  is  indeed  a  most  fascinating  one, 
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and  I  believe  a  course  of  this  character  must  be  given 
in  all  of  our  colleges  and  universities  if  we  are  to  be 
fair  to  our  students. 

G.    D.    BiRKHOFF 
Cambridge,  Mass. 
November,  1925 
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THE    ORIGIN,    NATURE,   AND 
INFLUENCE    OF   RELATIVITY 

CHAPTER   I 

EUCLID,   NEWTON,   FARADAY,   AND  EINSTEIN 

A  VERY  simple  and  precise  aspect  of  experience  is 
that  of  the  spatio-temporal  relation  between  material 
objects.  The  underlying  concepts  of  space  and  time 
have  deeply  influenced  physical,  astronomical,  philo- 
sophical, and  even  religious  thought.  A  broad  under- 
standing of  them  appears  to  be  indispensable  for  an 
adequate  appreciation  of  the  universe  in  which  we  live. 
The  historical  development  of  these  concepts,  culminat- 
ing in  the  theory  of  relativity  of  Einstein,  throws  much 
light  upon  their  nature.  Perhaps  the  names  of  Euclid, 
Newton,  Faraday,  and  Einstein,  more  than  any  others, 
are  representative  of  the  various  stages  in  the  evolution 
which  has  taken  place. 

The  significance  of  number,  time,  and  space  must 
have  been  felt  in  the  earhest  period  when  man's  mental 
power  was  comparable  to  that  which  he  possesses  to- 
day. Elementary  facts  about  unity  and  multiplicity, 
succession  in  time,  size,  and  shape,  are  presented  at 
every  turn  by  experience.  They  have  a  curious  in- 
evitability and  completeness,  characteristic  of  mathe- 
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matical  truth,  which  was  certainly  perceived  in  this 
period.  For  example,  the  fact  that  there  are  two  chief 
luminaries,  the  sun  and  the  moon,  that  they  function 
in  alternation,  and  that  they  resemble  each  other  in 
size  and  in  shape  must  have  stirred  human  interest 
even  then.  Doubtless  the  nascent  elements  of  various 
fields  of  science  were  known  to  primitive  man.  The 
ability  to  handle  material  objects  involved  a  percep- 
tion of  some  principles  of  mechanics ;  experience  in 
dealing  with  hot  and  cold  bodies  led  to  a  familiarity 
with  properties  of  heat ;  and  the  necessary  requirement 
of  taking  account  of  day  and  night,  and  of  the  seasons, 
brought  about  a  grasp  of  a  little  elementary  astronomy. 

The  systematization  of  the  process  of  counting  was 
the  first  great  step  towards  that  understanding  of  and 
control  over  nature  which  is  characteristic  of  our  day. 
At  first  there  was  only  the  process  of  counting  by  means 
of  the  fingers,  stones,  or  other  objects.  Then  came  the 
naming  of  the  numbers,  as  one,  two,  three,  etc.,  skill  in 
reckoning  with  them,  and  their  use  in  commercial  pur- 
suits, the  measurement  of  land,  and  astronomy. 
Nearly  two  thousand  years  before  our  era  the  Egyptians 
were  very  competent  in  the  use  of  number.  The 
priesthood  of  that  time  had  the  leisure  and  interest  for 
occupying  itself  with  scientific  thought.  A  math- 
ematical papyrus  written  by  a  scribe  Ahmes,  entitled 
'' Directions  for  obtaining  the  knowledge  of  all  dark 
things,"  witnesses  to  their  arithmetic  proficiency. 

In  their  surveying,  artistic  designing,  and  astronomy 
the  Egyptians  became  adept  in  geometric  construction 
and  must  have  been  familiar  with  many  truths  of  geom- 
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Fig.  1. 


etry.  The  right  triangle  with  sides  of  three,  four,  and 
five  units  was  probably  known  to  them  and  used  in 
surveying.  A  floor  in  tiles  with 
the  pattern  below  indicated  to 
the  eye  that  the  square  on  the 
longest  side  of  a  right  triangle 
with  two  equal  sides  has  an  area 
precisely  equal  to  the  sum  of  the 
two  areas  of  the  squares  on  the 
equal  sides.  Moreover,  practical 
urgency  as  well  as  merest  curiosity  led  them  to  estimate 
with  considerable  accuracy  the  ratio 
of  the  distance  around  a  circle  to  the 
distance  across  it.  The  inscribed  hex- 
agon showed  at  once  that  the  ratio  ex- 
ceeded three.  Since  that  day  long 
ago  geometric  knowledge  has  ad- 
vanced very  far  and  this  ratio  has  been 
fully  determined :  it  is  exactly  four- 
fold as  great  as  the  number  obtained  when  1  is  di- 
minished by  ^,  then  increased  by  ^, 
diminished  by  |,  and  so  on  ad  in- 
finitum. 

It  may  not  be  amiss  to  note  in 
passing  that  not  all  elementary  geo- 
metric conundrums  have  yet  been 
answered  by  professional  mathemati- 
cians. Thus,  map-makers  have  noted 
that  apparently  any  imaginable  map  on  the  plane  or 
sphere  can  be  colored  in  only  four  colors  in  such  wise 
that  two  countries  with  a  common  boundary  line  have 
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Fig.  4. 


different  colors.  Despite  persistent  efforts,  the  truth 
of  this  conjecture  has  not  yet  been  estabhshed,  although 
five  colors  are  known  to  be  enough.  Of  like  intriguing 
simplicity  is  the  question  raised  a  few  years  ago  by  the 

Japanese  mathematician  Kakeya  as 
to  the  least  area  within  which  a  line 
of  given  length  can  be  turned  around 
in  a  plane.  An  area  only  half  as 
great  as  that  of  the  circle  with  this 
length  for  diameter  will  suffice.  No 
one  has  as  yet  been  able  to  prove 
that  this  is  the  least  possible  area. 
Since  all  physical  science  depends 
upon  the  foundation  of  mathematical  truth,  of  which 
the  discovery  has  been  hastened  by  intellectual  curi- 
osity, a  high  place  can  be  granted  such  curiosity  for 
its  proved  value  to  mankind. 

No  advance  in  the  logical  analysis  of  geometric 
relations  was  achieved  by  the  Egyptians.  As  soon  as 
their  empirical  geometry  had  passed  to  Greece  through 
the  Greek  geometer  Thales  about  600  b.c,  it  began  to 
be  transformed  by  Greek  ability  and  interest  in  abstract 
speculation.  The  great  although  obscure  figure  of 
Pythagoras  has  unusual  importance  for  the  early  Greek 
period.  The  relation  between  the  sides  of  a  right 
triangle,  illustrated  in  the  triangle  of  sides  three,  four, 
and  five  units,  was  probably  discovered  in  its  full  gen- 
erality by  him.  He  found  the  two  remaining  regular 
solids  of  twelve  and  twenty  sides ;  the  Egyptians  had 
known  only  the  other  three  regular  solids.  To  him  is 
attributed  the  determination  of  the  relation  between 
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the  length  of  a  musical  string  and  its  pitch,  exemplified 
in  a  simple  way  by  the  fact  that  if  its  length  is  halved, 
the  note  is  raised  exactly  an  octave.  For  Pythagoras 
these  truths  indicated  a  deep  and  mystical  interde- 
pendence between  number  and  nature.  Number  was 
taken  by  him  to  be  at  the  root  of  everything,  and  its 
properties  formed  the  foundation  of  his  philosophy. 
The  regular  solids  represented  elements  in  nature  ;  the 
seven  planets  were  held  to  give  out  musical  notes  pro- 
portionate to  their  distances  from  the  sun,  forming  the 
music  of  the  spheres.  Thus  the  sway  of  quantitative 
law  in  the  physical  universe  was  discerned  ;  the  history 
of  scientific  thought  affords  no  more  inspiring  example 
of  prophetic  insight. 

Euclid,  who  lived  about  two  centuries  later,  was  the 
great  systematizer  of  Greek  geometry.  His  feeling  for 
the  purely  logical  side  of  geometry  was  uncanny  in  its 
accuracy,  despite  the  fact  that  from  the  modern  point 
of  view  his  "Elements^'  are  by  no  means  free  from 
blemishes.  It  was  his  achievement  to  have  shown  how 
all  the  known  truths  of  geometry  follow  necessarily 
from  a  very  small  array  of  almost  undeniable  proposi- 
tions called  axioms  and  postulates.  He  was  not  pri- 
marily a  discoverer  of  new  geometric  truths. 

What  interests  us  here  is  not  so  much  the  precise 
body  of  doctrine  concerning  points,  straight  lines, 
angles,  circles,  lengths,  areas,  etc.,  which  he  developed, 
as  his  point  of  view  toward  its  application  in  the  physi- 
cal world. 

In  fact  there  are  two  alternative  points  of  view 
towards  geometric  doctrine  which  can  be  held.     One 
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(that  of  Euclid)  holds  that  we  are  dealing  with  a  sys- 
tem of  rigid  bodies  of  fixed  size  and  shape,  of  which  ma- 
terial objects  like  tables,  blackboards,  rulers,  the  earth, 
etc.,  are  fairly  satisfactory  embodiments.  By  handling 
these  bodies  and  comparing  them  with  one  another, 
we  arrive  at  the  truths  of  geometry.  For  example, 
when  it  is  said  that  two  points  determine  one  and  only 
one  straight  line,  this  may  be  taken  to  mean  that  if  we 
fix  upon  two  points  A  and  5  of  a  rigid  body,  then  when 
the  simple  kind  of  rigid  body  called  a  straight  line,  and 
exemplified  by  any  ruler,  is  placed  upon  the  rigid  body 
so  as  to  contain  the  points  A  and  B,  the  line  will  always 
be  found  to  contain  the  same  points  of  the  rigid  body, 
forming  the  straight  line  AB  oi  the  body. 

It  is  entirely  compatible  with  this  interpretation 
that  any  rigid  body  can  be  indefinitely  extended  into 
a  ^^ space."  Thus  a  man  in  a  moving  railway  train 
may  estimate  that  a  boulder  directly  opposite  his  win- 
dow is  100  feet  away  and  he  may  obtain  its  instanta- 
neous position  in  the  space  attached  to  the  train.  The 
boulder  also  occupies  a  definite  position  in  the  space 
attached  to  the  earth.  Either  of  these  spaces  is  in 
motion  relative  to  the  other. 

The  other  point  of  view  holds  that  there  is  a  particular 
rigid  body  for  which  extension  into  a  space  is  peculiarly 
proper,  which  space  may  then  be  called  absolute  space 
—  a  kind  of  omnipresent,  penetrable,  rigid  body.  Any 
material  body  fills  a  definite  part  of  absolute  space  at 
any  instant.  With  this  interpretation,  the  fact  stated 
about  straight  lines  means  only  that  for  a  given  pair  of 
distinct  points  A  and  B  of  this  space  there  is  one  and 
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only  one  set  of  its  points  which  is  of  the  type  called  a 
straight  line  and  which  contains  these  two  points. 

It  was  undoubtedly  the  second  point  of  view  that 
was  generally  held  by  the  Greeks.  Thus  the  point  was 
a  monad  having  position  for  the  Pythagoreans.  The 
conception  of  the  point  as  that  which  is  indivisible  and 
has  position  was  maintained  also  by  Aristotle.  Those 
who  hold  to  the  second  point  of  view  must  contend  with 
Aristotle  that  the  principle  of  superposition  has  no  place 
in  geometry  as  a  first  principle,  since  two  bodies  may 
be  superposed  if  and  only  if  they  occupy  equal  spaces. 

On  the  contrary,  Euclid  himself,  with  that  marvelous 
instinct  for  the  essential  which  is  characteristic  of  his 
work,  defines  the  point  as  that  which  has  no  parts,  i.e., 
as  the  indivisible  rigid  body,  and  does  not  require  that 
it  have  position  in  some  hypothetical  absolute  space. 
This  fact  together  with  the  use  which  he  makes  of 
superposition  as  a  fundamental  principle,  indicates  that 
he  preferred  not  to  employ  the  concept  of  absolute 
space. 

It  is  necessary  to  have  the  divergence  clearly  in  mind. 

Euclid  saw  that  the  science  of  geometry  as  applied 
in  nature  attaches  no  particular  importance  to  any 
special  reference  body.  Thus  for  him  a  point  was 
merely  a  small  identifiable  rigid  body.  Rigid  bodies 
were  to  be  compared  by  superposition,  and  it  did  not 
make  any  difference  just  how  the  superposition  was 
effected  in  any  particular  case.  Consequently,  to  insist 
that  any  particular  body  defined  an  absolute  space  was 
unnecessary.  It  seems,  then,  that  Euclid  adopted  a 
relativistic  point  of  view  toward  space. 
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On  the  other  hand  Aristotle  saw  that  in  everyday 
experience  a  particular  reference  body,  namely,  the 
earth,  played  a  preponderating  role.  It  must  have 
appeared  to  him  that  other  rigid  bodies  did  not  have 
comparable  importance.  A  sufficient  cause  for  this 
view  was  the  generally  accepted  belief  of  his  day  that 
the  air  was  a  medium  extending  out  from  the  earth 
indefinitely,  and  offering  resistance  to  bodies  moving 
in  it.  Despite  the  fact  that  from  a  purely  logical 
standpoint  all  rigid  bodies  stand  on  a  parity  in  the 
geometry  of  Euclid,  some  such  vague  considerations, 
not  geometric  but  rather  mechanical  in  their  nature, 
inclined  Aristotle  to  maintain  the  concept  of  an  abso- 
lute space  attached  to  the  earth. 

The  opinion  advanced  here  is  that  if  some  particular 
reference  body  has  a  superiority  for  the  elucidation  of 
nature,  then  it  is  desirable  to  signalize  the  fact  by  giv- 
ing a  special  name  to  the  space  attached  to  it.  It  is 
undesirable  to  pay  any  veneration  to  that  space,  since 
the  fact  is  then  obscured  that,  from  the  standpoint  of 
geometry  in  itself,  all  rigid  bodies  are  on  an  equal 
footing. 

There  is,  then,  a  relativity  present  in  the  application 
of  the  geometry  of  Euclid  to  nature  which  allows  us  to 
start  from  any  particular  rigid  body  of  reference,  as 
defining  a  space  of  its  own,  and  then  to  locate  the  posi- 
tion of  other  material  objects  at  any  time  relative  to 
that  space.  The  relativity  found  here  may  be  called 
geometric  relativity. 

Before  leaving  the  consideration  of  the  Greek  period, 
it  is  desirable  to  summarize  the  application  of  geometry 
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in  astronomical  theory,  for  here  the  concept  of  time 
enters  to  join  that  of  space,  thus  furnishing  a  very  good 
vehicle  for  the  statement  and  comprehension  of  the 
observed  facts. 

As  might  be  expected,  the  transmission  of  light  was 
thought  by  the  ancients  to  be  instantaneous.  Nearly 
two  thousand  years  elapsed  before  it  was  discovered 
that  light  travels  at  the  rate  of  nearly  200,000  miles  a 
second.  Consequently,  events  were  taken  as  happen- 
ing when  they  were  seen,  this  being  done  for  events 
observed  in  the  heavens  as  well  as  for  events  on  the 
earth.  Without  any  analysis  of  the  notion  of  absolute 
time  impUcitly  involved,  a  particular  reference  body 
and  its  absolute  space  were  taken,  to  which  the  position 
of  other  bodies  was  then  referred  at  any  instant  of 
absolute  time.  The  explanation  of  astronomical  phe- 
nomena was  sought  on  the  basis  of  this  structure  of 
space  and  time. 

The  application  of  geometry  led  very  early  to  the 
recognition  of  the  fact  that  the  earth  is  a  sphere.  While 
traveling  in  Egypt  Pythagoras  became  acquainted  with 
this  opinion.  He  seemed  to  have  held  secretly  the 
heliocentric  theory,  which  gave  the  sun  a  central  place. 
However,  the  dominant  opinion  of  the  Greek  period 
took  the  earth  to  be  absolutely  at  rest,  i.e.,  held  the 
earth  to  be  the  venerated  reference  body.  The  great 
observing  astronomers  of  near  the  beginning  of  our 
era,  Hipparchus  and  Ptolemy,  chose  this  theory. 
Ptolemy  held  any  other  theory  to  be  ridiculous,  despite 
the  fact  that  he  recognized  the  superior  simplicity 
of  the  heliocentric  theory  for  some  purposes.     While 
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the  geocentric  theory,  in  which  the  earth  defined  the 
absolute  space,  had  the  advantage  that  observations 
were  made  in  that  space,  it  had  the  disadvantage  that 
the  description  of  the  motions  of  the  sun,  moon,  and 
planets  became  very  complicated.  The  concept  of 
multiple  epicyclic  motion  was  invented  to  account  for 
the  facts  in  geocentric  terms.  To  explain  the  motion 
of  a  planet  on  this  basis,  it  was  necessary  to  take  account 
successively  of  rotations  in  three  distinct  spaces. 

In  the  sixteenth  century  of  our  era,  Copernicus 
selected  the  sun  (taken  as  not  rotating  in  the  frame  of 
the  fixed  stars)  as  defining  the  reference  space.  The 
theory  of  Copernicus  found  only  slow  acceptance. 
From  our  point  of  view,  the  real  significance  of  his  theory 
is  that  the  explanation  of  the  astronomical  facts  is  in 
this  way  made  very  much  more  simple.  No  doubt  the 
Copernican  theory  would  have  been  accepted  at  once 
by  Euclid,  for  none  would  have  been  more  ready  than 
he  to  grant  that  the  new  theory  was  accommodated  to 
pure  geometry  fully  as  well  as  the  Ptolemaic  theory. 

In  the  seventeenth  century,  Kepler  and  others,  under 
the  stimulating  simplicity  introduced  by  the  Coper- 
nican ideas,  were  able  to  understand  and  to  follow  the 
motions  of  the  moon  and  planets  far  more  accurately 
than  had  been  done  before.  There  arose  the  belief  that 
the  same  gravitational  force  which  pulled  terrestrial 
bodies  to  the  earth  was  also  operative  between  bodies 
at  great  distances  apart,  and  controlled  the  solar  sys- 
tem. However,  the  mathematical  means  for  investi- 
gating the  truth  of  this  conjecture  had  not  yet  been 
invented. 
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The  discovery  of  analytic  geometry  by  Descartes  in 
the  first  half  of  the  seventeenth  century  was  a  first 
necessary  step  in  this  direction  ;  the  Pythagorean  vision 
that  number  is  at  the  root  of  everything  was  thereby 
justified  in  the  field  of  geometry.  It  was  the  achieve- 
ment of  Newton  to  have  invented  the  infinitesimal 
calculus,  which  deals  with  the  rates  of  variation  of 
varying  quantities,  and  to  have  applied  it  to  the  prob- 
lems of  the  solar  system.  A  brilliant  result  was  his  law 
of  universal  gravitation. 

The  dogmatic  adherence  of  Newton  to  the  doctrines 
of  absolute  space  and  time  is  obvious  from  the  first 
scholium  of  his  "  Principia.^^  A  translation  of  a  few 
characteristic  passages  will  show  how  seriously  he  be- 
lieved in  these. 

I.  Absolute,  true,  and  mathematical  time,  of  itself,  and  from  its 
own  nature  flows  equably  without  regard  to  anything  external,  and 
by  another  name  is  called  duration ;  relative,  apparent,  and  common 
time  is  some  sensible  and  external  (whether  accurate  or  unequable) 
measure  of  duration  by  means  of  motion.  .  .  . 

II.  Absolute  space,  in  its  own  nature,  without  regard  to  any- 
thing external,  remains  alwaj^s  similar  and  immovable.  Relative 
space  is  some  movable  dimension  or  measure  of  the  absolute  space. 

III.  Place  is  a  part  of  space  w^hich  a  body  takes  up,  and  is  ac- 
cording to  the  space,  either  absolute  or  relative. 

IV.  Absolute  motion  is  the  translation  of  a  body  from  one  ab- 
solute place  into  another ;  and  relative  motion,  the  translation  from 
one  relative  place  into  another. 

Of  course  Newton  endeavored  to  justifj^  his  unquali- 
fied adherence  to  these  doctrines.  In  fairness  to  him 
it  must  be  said  that  he  succeeded  partially  in  doing  so 
in  the  following  manner.     Imagine  a  dumb-bell  tossed 
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into  empty  space  at  such  a  distance  from  any  other 
bodies  that  gravitational  forces  need  not  be  considered. 
On  the  basis  of  Newton's  laws  of  motion,  it  follows  that 
there  will  be  a  tendency  of  the  weighted  ends  to  separate 
if  there  is  any  rotation,  whereas  if  there  is  no  such 
rotation,  there  will  be  no  such  tendency.  Thus,  abso- 
lute rotation  can  be  detected  by  means  of  the  slight 
elongation  of  the  bar  joining  the  weights.  Hence  there 
are  mechanical  methods  for  ascertaining  absolute  rota- 
tion. Direct  experiment  indicates  that  such  rotation 
is  merely  rotation  with  reference  to  the  so-called  fixed 
stars. 

The  case  of  motion  in  a  straight  line  with  unvarying 
velocity  stands  on  an  entirely  different  basis  in  New- 
ton's theory.  There  is  given  no  principle  by  which 
such  uniform  rectilinear  motion  of  an  undisturbed  body 
in  empty  space  can  be  ascertained,  and  it  is  inherent 
in  his  entire  system  of  thought  that  this  is  so.  Newton 
himself  realized  the  situation  more  or  less  vaguely ;  for 
he  says  in  the  same  scholium  :  ^^  It  is  indeed  a  matter 
of  great  difficulty  to  discover,  and  effectively  to  dis- 
tinguish, the  true  motions  of  particular  bodies  from  the 
apparent ;  because  the  parts  of  that  immovable  space 
in  which  those  motions  are  performed,  do  by  no  means 
come  under  the  observation  of  our  senses.  Yet  the 
thing  is  not  altogether  desperate.  ..." 

For  example,  on  the  basis  of  Newton's  theory,  the 
sun  is  an  undisturbed  body,  at  least  if  the  minor  disturb- 
ing gravitational  forces  of  the  planets  and  of  the  other 
heavenly  bodies  are  ignored.  According  to  his  theory, 
the  sun  may  be  either  at  rest  in  the  absolute  space,  or 
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describing  a  straight  line  in  that  space  with  constant 
velocity.  His  formulation  of  mechanical  principles  is 
such,  however,  that  if  the  motion  of  all  the  heavenly 
bodies  be  computed  on  the  hypothesis  that  the  sun  is 
at  rest,  i.e.,  using  the  space  attached  to  the  sun,  the 
result  predicted  will  be  exactly  the  same  as  if  the  space 
of  any  other  star  than  the  sun  is  taken  to  be  at  rest. 

The  advance  of  the  Newtonian  over  the  Euclidean 
point  of  view  may  be  stated  fairly  as  follows.  Newton 
accepts  the  truths  of  geometry,  according  to  w^hich 
there  are  as  many  spaces  as  there  are  real  or  ideal  rigid 
bodies,  and  yet  he  notes  that  some  spaces  are  more 
suitable  than  others  for  describing  natural  phenomena, 
namely,  the  spaces  attached  to  rigid  bodies  moving 
freely  in  empty  space  and  in  such  wise  as  to  be  subject 
to  no  tendency  of  their  parts  to  separate.  It  is  only 
with  respect  to  such  a  space  that  his  first  law  of  mo- 
tion holds :  "  Every  body  perseveres  in  its  state  of 
rest,  or  of  uniform  motion  in  a  straight  line,  unless  it 
is  compelled  to  change  that  state  by  forces  impressed 
on  it." 

His  doctrine  of  absolute  space  insists  unnecessarily 
that  one  such  space  is  supremely  important,  and  ac- 
cordingly to  be  termed  absolute.  But  the  fact  is  that 
all  his  laws  of  motion  are  expressed  in  identically  the 
same  way  whatever  such  space  is  employed.  An  illus- 
tration of  the  truth  of  this  fact  is  afforded  by  the  be- 
havior of  a  ball  in  the  space  of  an  elevator  which  is 
descending  at  a  constant  velocity.  It  will  be  found 
that  the  ball  falls  in  this  space  exactly  as  though  the 
elevator  were  at  rest. 
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Newton's  corpuscular  theory  of  light  and  his  law  of 
gravitation  also  have  this  characteristic  property  of 
relativity. 

If  the  space  of  a  rotating  body  is  selected,  however, 
any  freely  moving  body  describes  a  complicated  spirali- 
form  curve  in  it,  while  the  parts  of  the  body  itself  tend 
to  separate  from  one  another.  Thus  the  choice  by 
Newton  of  reference  spaces  attached  to  a  special  type  of 
freely  moving  body,  namely,  any  one  not  in  absolute 
rotation,  is  justified  by  a  tw^ofold  test  of  simplicity. 
There  is  no  justification  for  the  selection  of  a  special 
one  of  the  possible  reference  bodies  of  this  type  as 
against  all  others. 

Consequently,  on  the  basis  of  the  Newtonian  theory 
a  mechanical  relativity  holds  sway  which,  though  it  is  not 
so  inclusive  as  the  geometric  relativity  signalized  above, 
does  not  distinguish  between  the  spaces  of  various 
bodies  that  are  in  uniform  translational  motion  with 
respect  to  one  another. 

The  success  of  the  heliocentric  theory  turns  upon  the 
fact  that  the  sun  is  far  more  nearly  an  undisturbed  body 
in  such  uniform  motion  than  the  earth,  the  moon,  or 
the  planets.  But  the  space  used  cannot  rotate  with 
the  sun  and  so  is  of  the  Copernican  type ;  otherwise 
the  stars  would  travel  in  circular  orbits  in  the  space, 
contrary  to  the  first  law  of  motion.  The  real  motive 
for  the  use  of  the  heliocentric  system  is  now  reduced  to 
its  proper  basis,  namely,  that  with  this  type  of  reference 
body  the  motions  observed  can  be  described  with  maxi- 
mum simplicity. 

Undoubtedly  Aristotle  had  a  vague  feeling  for  the 
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fact  that  when  mechanical  ideas  are  admitted  there 
is  less  relativity  allowable  than  when  only  purely 
geometric  considerations  are  taken  into  account.  This 
is  especially  apparent  when  he  classifies  motions  as 
being  according  to  nature  and  contrary  to  nature. 
However,  he  made  no  analysis  of  the  reasons  for  his 
choice  of  the  earth  as  a  uniquely  determined  reference 
body,  and  indeed  could  not  have  been  expected  to  do  so. 

The  full  validation  of  the  concepts  of  absolute  space 
and  time  seemed  to  be  at  hand  when  the  role  of  elec- 
tricity and  magnetism  in  nature  began  to  be  discovered. 
These  phenomena  were  the  latest  to  claim  the  atten- 
tion of  physicists,  so  that  even  magnetism  was  scarcely 
mentioned  by  Newton. 

The  name  of  Faraday  stands  foremost  among  those 
who  have  investigated  the  facts  concerned.  To  him  is 
due  the  first  complete  statement  of  the  interrelation 
between  electrical  and  magnetic  phenomena.  He  was 
the  only  one  of  the  four  men  towards  whom  we  are 
directing  especial  attention  who  was  not  a  working 
mathematician.  He  lamented  his  lack  greatly.  It 
required  his  mathematical  interpreter  Maxwell  to  give 
Faraday's  concretely  expressed  ^^  lines  of  force  "  an 
exact  and  adequate  statement.  As  Maxwell  says  of 
Faraday  in  the  preface  of  ^^Electricity  and  Magnetism  "  : 

"  Faraday,  in  his  mind's  ej^e,  saw  lines  of  force  traversing  all 
space  where  the  mathematicians  saw  centers  of  force  attracting  at 
a  distance :  Faraday  saw  a  medium  where  they  saw  nothing  but 
distance  :  Faraday  sought  the  seat  of  the  phenomena  in  real  actions 
going  on  in  the  medium,  they  were  satisfied  that  the}''  had  found  it 
in  a  power  of  action  at  a  distance  impressed  on  the  electric  fluids." 
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When  Maxwell  had  succeeded  in  giving  the  concepts 
of  Faraday  satisfactory  mathematical  formulation,  he 
found  that  it  followed  also  that  the  electromagnetic 
wave,  such  as  is  sent  out  from  any  wireless  station  to- 
day, travels  of  necessity  with  one  and  the  same  velocity 
under  all  circumstances  in  empty  space,  and  that  this 
velocity  is  given  as  the  ratio  of  two  well-known  units 
in  electricity  and  magnetism.  Of  course,  the  velocity 
is  relative  to  the  medium  imagined  by  Faraday,  called 
the  ether  and  conceived  as  a  particular  one  of  the  New- 
tonian spaces,  namely,  the  one  which  Newton  signalized 
as  ^^  absolute."  Maxwell  found  that  this  calculated 
velocity  was  the  same  as  the  known  velocity  of  light. 
Thence  he  derived  the  epoch-making  conclusion  that 
the  light  wave  is  electromagnetic,  i.e.,  the  same  in  type 
as  the  wireless  wave.  All  subsequent  investigations 
have  verified  the  truth  of  this  conjecture  and  also  the 
adequacy  of  his  mathematical  equations  for  expressing 
the  facts  of  light  and  electromagnetism.  Faraday  had 
conjectured  a  relation  between  light  and  electricity. 
Maxwell  demonstrated  it  in  all  detail. 

At  last  the  absolute  space  of  the  Newtonian  philoso- 
phy, which  had  previously  seemed  without  substance, 
began  to  have  definite  properties.  At  last  there  ap- 
peared to  be  a  basis  of  distinction  between  the  various 
mechanically  equivalent  spaces  of  Newton  by  means 
of  the  electromagnetic  ether.  Thus  in  turn  the  geo- 
metric concepts  of  Euclid,  the  mechanical  concepts 
of  Newton,  and  the  concepts  of  electric  and  magnetic 
interaction  of  Faraday  narrowed  the  possibilities  down 
so  that  all  spatial  relativity  was  apparently  excluded. 
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There  were  many  who  beUeved  that  the  main  laws  of 
the  physical  world  had  been  formulated,  and  that 
nothing  remained  but  to  find  the  precise  way  in  which 
atomic  matter  and  electricity  were  united  in  the  atom. 

As  in  any  genuine  theory,  this  view  of  nature  was  left 
open  to  verification.  It  became  possible  to  determine 
absolute  motion  through  the  ether  by  experiment,  and 
so  discover  absolute  space.  The  fundamental  method 
suggested  for  this  ultimate  quest  can  be  explained  as 
follows :  If  a  man  swims  up-stream  a  given  distance 
and  back,  he  will  find  that  it  takes  him  more  time  to 
do  so  than  if  the  water  is  at  rest.  This  is  particularly 
apparent  in  case  he  makes  only  slight  headway  against 
the  stream.  It  is  assumed  that  his  velocity  through  the 
water  is  the  same  in  both  cases.  Now  a  rigid  body  in 
motion  through  the  ether  may  be  compared  to  the  banks 
of  the  stream,  the  ether  to  the  stream  which  is  moving 
past  the  body,  and  a  beam  of  light  which  is  flashed 
from  a  point  of  the  rigid  body  to  a  second  point  at  a 
given  distance  from  the  first  and  reflected  back  again, 
to  the  swimmer.  It  ought  to  take  more  time  for  the 
beam  to  travel  back  and  forth  along  a  bar  in  uniform 
motion  in  the  ether  than  if  the  bar  is  at  rest. 

Owing  to  the  variable  character  of  the  earth's  motion, 
it  was  found  possible  to  devise  apparatus  by  which  this 
increase  of  time  should  be  revealed  by  a  shift  in  posi- 
tion of  certain  interference  fringes.  As  carefully  tested 
in  this  way  by  Michelson  and  Morley  in  1887,  the  earth 
showed  not  the  slightest  trace  of  motion  relative  to  the 
ether.  The  attempt  to  explain  the  negative  result  by 
means  of  the  hypothesis  of  a  "  drift  "  of  the  ether  with 
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the  earth  was  meaningless,  since  the  ether  was  by 
hypothesis  a  particular  one  of  the  Newtonian  spaces, 
and  the  equations  of  Maxwell  called  for  one  and  the 
same  velocity  of  propagation  of  light  in  empty  space  of 
this  sort  under  all  circumstances.  Such  a  suggestion 
of  ether  drift  must  remain  incomprehensible  until  some 
modification  of  the  foundations  of  physical  theory  is 
made.  No  one  has  proposed  a  definite  and  consistent 
modification  of  this  kind. 

A  variety  of  subsequent  experiments  confirmed  the 
general  conclusion  that  the  earth  was  entirely  indifferent 
to  motion  relative  to  the  ether.  Nature  unexpectedly 
refused  to  yield  up  the  long-held  secret  of  an  absolute 
space  at  the  very  moment  when  all  were  of  the  opinion 
that  it  was  to  be  wrested  from  her. 

The  perplexity  into  which  physicists  were  thrown  by 
the  situation  was  much  more  embarrassing  than  ap- 
peared at  first  sight.  Absolute  space  was  intangible, 
and  it  began  to  appear  that  absolute  time  was  not  less 
so.  If  the  synchronizing  of  clocks  at  different  places  on 
the  earth's  surface  is  to  be  effected  accurately,  a  method 
of  light-signaling  or  other  electromagnetic  signaling 
must  naturally  be  employed.  Without  a  knowledge 
of  the  velocity  of  the  earth  in  the  ether  it  was  not 
possible  to  allow  exactly  for  the  time  required  by  the 
signaling  process.  In  fact  the  natural  way  of  synchro- 
nizing such  clocks  appeared  to  be  to  assume  the  earth 
at  rest  in  the  ether,  because  of  the  absence  of  any 
effect ;  and  this  was  out  of  the  question  inasmuch  as 
then  the  timing  would  not  be  absolute  but  only  relative 
to  the  earth. 
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The  notion  of  absolute  time  has  been  taken  without 
the  slightest  analysis  in  the  historical  sketch  attempted 
above.  It  is  necessary  now  to  begin  to  consider  ideas 
of  time  as  well  as  of  space,  and  hence  it  must  be  pointed 
out  what  a  sweeping  hypothesis  is  involved  in  the  notion 
of  absolute  time.  Suppose  that  I  snap  my  fingers  — 
an  event.  Other  events  happen  throughout  the  uni- 
verse which  I  propose  to  bundle  together  as  having 
happened  at  the  same  instant.  The  method  which  I 
use  to  determine  the  events  happening  at  the  instant 
must  be  physically  unique  and  not  arbitrary  in  the 
least  degree.  If  the  physical  means  adopted  of  finding 
these  events  has  any  uncertainty  in  it,  the  measurement 
of  distances  will  share  in  the  uncertainty,  since  the 
position  of  a  point  of  a  body  at  one  instant  of  time  will 
be  compared  with  the  position  of  a  second  point  at  a 
different  instant. 

At  first  thought  it  might  occur  to  me  to  correlate 
events  as  happening  when  I  see  them,  for  this  is  the 
method  of  ordinary  experience.  If  I  did  that,  however, 
I  would  consider  a  change  in  the  light  from  a  distant 
star  to  take  place  when  it  becomes  visible  through  the 
telescope,  contrary  to  all  astronomical  procedure. 

For  these  reasons  it  is  clear  that  the  notion  of  abso- 
lute time  involves  a  definite  hypothesis  concerning  the 
physical  structure  of  the  universe. 

A  variety  of  physicists  and  mathematicians,  among 
whom  Fitzgerald,  Lorentz,  and  Henri  Poincare  are 
particularly  to  be  mentioned,  speculated  upon  the 
difficulty,  without  avoiding  the  unnecessary  hy- 
pothesis. 
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In  1904  Lorentz  arrived  at  a  kind  of  solution  of  the 
problem,  which  it  is  most  instructive  to  consider.  He 
assumed  that  the  circumstance  of  motion  relative  to 
the  ether  caused  a  moving  body  to  contract  in  the  direc- 
tion of  its  motion  by  a  part  of  its  length  (a  few  inches 
in  the  case  of  the  earth),  and  a  moving  clock  to  slow 
down  in  the  same  ratio,  precisely  so  as  to  account  for 
the  result  of  the  Michelson-Morley  experiment.  It  was 
as  though  the  swimmer  alluded  to  were  required  to  go 
up-stream  a  shorter  distance  and  the  clock  were  running 
a  little  slowly,  so  that  he  would  be  considered  to  take 
exactly  the  same  time  in  both  cases.  This  explana- 
tion accounted  for  all  the  experimental  results  which 
offered  difficulty,  and  seemed  natural  enough,  because, 
if  the  ether  is  a  real  medium,  it  may  be  expected  to 
affect  the  physical  properties  of  measuring  sticks  and 
clocks  moving  in  it. 

The  hypothesis  of  contraction  presents  two  curious 
features.  The  first  one  is  that  it  is  incompatible  with 
the  ordinary  concept  of  the  rigid  body  as  of  fixed  di- 
mensions under  all  conditions.  Henceforth  only  rigid 
bodies  at  rest  are  held  to  be  of  fixed  dimensions. 

The  second  feature  is  even  more  significant  and  de- 
serves particular  attention.  It  appears  that  if  experi- 
ments are  carried  out  on  the  body  in  uniform  motion 
as  if  it  were  at  rest,  so  that  its  length  is  held  to  be  the 
same  as  when  at  rest,  then  the  laws  observed  to  hold  are 
identically  the  same  as  if  the  body  is  truly  at  rest  in 
absolute  space.  On  account  of  the  slowing  down  of 
clocks  and  the  contraction  of  lengths  as  stated,  it  is 
at  once  clear  that  the  velocity  of  light  will  appear  to 
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be  the  same  for  the  reference  system  in  motion  as  for 
the  reference  system  at  rest.  The  same  result  hcrlds 
throughout. 

This  situation  indicates  nothing  else  than  that  it  is 
experimentally  impossible  to  distinguish  between  abso- 
lute rest  and  uniform  motion  in  a  straight  line.  Rela- 
tivity, after  being  denied  a  position  in  the  theory  by 
general  consent,  is  entering  upon  the  stage  without 
that  consent.  The  relativity  is,  however,  of  a  new 
type  because  of  the  fact  that  the  time  as  well  as  the 
space  of  one  reference  body  is  distinct  from  that  of 
another  in  relative  motion.  Of  course  any  two  such 
spatio-temporal  systems  of  reference  deal  with  the 
same  totality  of  events.  It  is  as  if  there  were  two 
systems  of  latitude  and  longitude  on  the  earth  for 
specifying  position,  for  example,  the  usual  system  and 
a  second  in  which  the  pole  is  slightly  displaced.  Both 
would  deal  with  the  same  points  on  the  earth.  But 
latitude  and  longitude  would  be  mixed  up,  just  as 
space  and  time  are  in  the  two  spatio-temporal  systems 
of  reference.  In  his  theory  Lorentz  used  the  term 
local  time  to  describe  the  time  at  the  moving  body. 

If,  despite  the  fact  just  referred  to,  according  to 
which  the  various  reference  systems  are  physically 
indistinguishable,  one  deliberately  prefers  to  single  out 
a  special  reference  system  and  call  it  '^  absolute,"  there 
can  be  no  objection,  any  more  than  there  can  be  to  any 
arbitrary  harmless  act  of  the  will.  However,  it  is  a 
privilege  without  physical  significance. 

Einstein  was  the  first  to  perceive  the  true  nature  of 
the  situation  which  was  giving  difficulty,  and  formu- 
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lated  the  appropriate  principle  of  relativity  in  1905. 
The  great  stroke  of  critical  insight  on  his  part  was  to 
be  able  and  willing  to  abandon  the  notion  of  absolute 
simultaneity  which  had  never  been  questioned  before. 
It  has  been  stated  that  the  notion  of  absolute  simul- 
taneity implies  a  significant  correlation  of  events.  If 
the  velocity  of  light  were  infinite,  the  correlation  w^ould 
be  immediate.  It  is  finite,  however,  and  the  experi- 
mental facts  indicate  that  the  space  and  time  of  any 
undisturbed  non-rotating  body,  dealt  ivilh  as  though 
it  were  at  rest,  have  exactly  the  same  physical  properties 
as  the  space  and  time  of  another  such  body  similarly 
dealt  with.  Why  not  take  as  equally  valid  all  these 
spaces  and  times,  and  then  attempt  to  correlate  them 
without  employing  the  hypothesis  of  absolute  simul- 
taneity? The  new  kind  of  relativity  obtained,  in 
which  all  such  spaces  and  times  appear  on  an  equal 
footing,  and  not  only  mechanical  properties  of  matter 
but  also  electromagnetic  properties  are  taken  into  ac- 
count, may  be  termed  optical  relativity.  This  relativity 
is  spatio-temporal  in  character. 

It  is  possible  now  to  review  the  general  course  of  the 
development  of  the  concepts  of  space  and  time.  At 
the  outset  events  were  taken  to  happen  as  seen,  and 
the  notion  of  absolute  simultaneity  was  accepted  as 
self-evident  truth,  which  was  natural  in  the  circum- 
stances. The  first  treatment  of  space  turned  on  the 
Euclidean  analysis  of  the  rigid  body  and  of  the  attached 
space  which  it  defines.  Any  body  was  equally  suitable 
as  reference  body,  so  that  (for  example)  it  was  legitimate 
to  use  either  the  space  of  the  earth  or  the  space  of  the 
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sun  as  the  reference  space.  This  was  the  geometric 
relativity  of  EucHd. 

A  more  careful  analysis  of  bodies,  which  took  account 
of  their  mechanical  properties,  although  using  the  con- 
cept of  the  space  attached  to  a  reference  body  at  any 
instant,  made  it  possible  for  Newton  to  go  a  step  further 
and  eliminate  rotational  relativity.  Thus,  the  sun  in 
the  frame  of  the  fixed  stars  was  the  superior  body  of 
reference  in  the  solar  system  because  it  was  nearly 
in  the  state  of  undisturbed  motion  without  rotation, 
which  considerations  of  convenience  required  of  the 
reference  body.  Any  other  star  than  the  sun  would 
serve  as  well  as  the  sun  in  yielding  a  space  of  reference 
of  the  best  Newtonian  type.  Herein  lay  the  mechanical 
relativity  of  Newton. 

Then  came  the  last  step  in  advance,  made  possible 
only  by  the  realization  that,  just  because  light  travels 
at  a  finite  velocity,  absolute  simultaneity  is  meaning- 
less unless  defined  by  a  physical  process.  If  the  New- 
tonian relativity  is  slightly  modified  so  as  to  admit  the 
relativity  of  time,  as  well  as  of  space,  to  any  reference 
body  in  an  undisturbed  non-rotating  state,  a  more 
homogeneous  treatment  of  the  physical  universe  is 
obtained,  from  the  very  nature  of  which  it  becomes 
impossible  to  choose  any  particular  such  space  and  time 
as  possessing  a  superior  validity.  Such  is  the  optical 
relativity  of  Einstein. 

Thus,  after  space  and  absolute  time  have  been  used 
in  the  account  of  nature  for  nearly  two  thousand  years, 
it  has  been  found  necessary  to  replace  these  concepts 
by  a  union  of  the  two,  called  space-time.     Under  ordi- 
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nary  circumstances  the  old  and  new  theories  differ 
inappreciably  in  their  predictions,  and  yet  only  the 
new  theory  will  be  found  to  explain  certain  phenomena 
in  a  satisfactory  manner. 

The  one  outstanding  idea  which  must  be  grasped 
before  the  new  theory  of  relativity  can  be  properly 
understood  is  that  the  possibility  of  absolute  simul- 
taneity is  not  self-evident,  but  must  refer  to  some 
significant  physical  correlation  of  events.  In  fact,  two 
events  are  simultaneous  if  the  two  selected  clocks,  used 
where  and  when  the  events  happen,  give  the  same  read- 
ing. Obviously  this  is  the  physical  definition  of  simul- 
taneity, and  its  meaning  is  not  absolute  unless  clocks 
can  be  synchronized  by  unambiguous  physical  pro- 
cesses. 


CHAPTER   II 

THE   NATURE   OF   SPACE   AND   TIME 

While  the  historical  survey  of  the  development  of 
the  concepts  of  space  and  time  is  of  essential  value, 
only  a  direct  logical  analysis  on  the  basis  of  the  known 
experimental  facts  gives  a  satisfactory  understanding 
of  their  real  nature.  Such  an  analj^sis  indicates  clearly 
why  the  space-time  of  relativity  can  be  considered  more 
nearly  adequate  than  the  classical  space  and  time, 
and  yet  equally  concrete  and  simple.  As  a  preliminary 
step  in  this  direction,  the  elementary  facts  of  e very- 
da}^  experience  will  be  stated  independently  of  any 
particular  theory.  These  are  the  same,  whatever  ul- 
timate theory  may  be  required  to  explain  the  physical 
universe  down  to  the  last  ascertainable  detail. 

A  fundamental  characteristic  of  everyday  experience 
is  its  arrangement  in  the  order  of  time.  Sensations 
are  experienced  in  succession,  and  are  recalled  in  the 
same  succession  as  that  in  which  they  were  experienced. 
There  is  also  a  flow  in  external  nature  nearly  parallel 
to  the  flow  of  the  stream  of  consciousness  in  the  in- 
dividual. Indeed,  for  the  events  which  come  within 
the  range  of  immediate  personal  experience,  sensations 
and  the  corresponding  events  are  correlated  in  time 
without  further  question.     It  is  true  that  occasionally 

25 


26  INFLUENCE   OF   RELATIVITY 

a  slight  readjustment  of  this  naive  interpretation  is 
required,  as  when  thunder  follows  lightning  and  it  is 
realized  that  sound  takes  time  to  travel.  Owing  to 
the  extraordinarily  large  velocity  of  light,  it  is  never 
necessary  to  make  an  allowance  of  the  same  sort  for 
light  in  ordinary  experience. 

It  is  very  important  to  grasp  the  truth  that  a  com- 
plete and  exact  parallelism  between  sensations  in  the 
individual  consciousness  and  events  occurring  through- 
out the  physical  universe,  implying  absolute  simul- 
taneity, cannot  be  established  in  any  simple  way. 
For  example,  the  attempt  to  correlate  events  as  happen- 
ing when  seen  was  abandoned  when  the  successive 
eclipses  of  Jupiter's  satellites  were  observed  to  take 
place  at  smaller  intervals  of  time  when  Jupiter  and  the 
earth  were  approaching  one  another  than  when  reced- 
ing. This  anomalous  result  was  accounted  for  by 
Romer  in  1675  by  means  of  the  finite  velocity  of  light. 
The  complete  failure  of  such  a  correlation  of  events  is 
brought  out  even  more  clearly  by  a  hypothetical  ex- 
periment such  as  the  following.  Imagine  that  two 
observers  A  and  B  on  two  mountain  tops,  at  a  distance 
of  one  hundred  miles  from  each  other,  send  out  flashes 
by  means  of  revolving  mirrors  so  that  A  sees  5's  flash 
simultaneously  with  his  own.  Then  B  will  see  A^s  flash 
about  one  thousandth  of  a  second  later  than  his  own, 
and  not  simultaneously. 

Thus  it  appears  that  the  notion  of  absolute  simul- 
taneity of  events  requires  physical  definition  by  means 
of  a  technical  process.  Our  preconception  that  there 
exists  such  a  significant  correlation  of  events  is  based 
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on  the  illusion  of  everyday  experience  that  events  hap- 
pen when  seen. 

With  these  reservations,  the  notion  of  measurable 
time  on  the  earth,  which  we  shall  call  earth-time,  may 
be  accepted  as  a  working  hypothesis.  This  time  is 
measured  with  maximum  precision  by  means  of  clocks 
at  rest  on  the  earth.  Highly  technical  methods  are 
used  for  synchronizing  clocks  far  apart  on  the  earth's 
surface. 

In  the  stream  of  consciousness  external  objects  called 
material  bodies  are  identified  and  have  a  peculiar  per- 
manence. Among  these  are  various  nearly  rigid  bodies, 
possessing  nearly  constant  size  and  shape.  A  piece 
of  steel  furnishes  a  good  example.  The  comparison  of 
such  bodies  by  direct  superposition  leads  to  the  concept 
of  distance  as  determined  by  means  of  the  ruler.  In 
fact,  take  two  simple  rigid  bodies  of  the  very  special 
type  called  straight  edges.  These  can  be  exactly  super- 
posed in  a  variety  of  ways,  and  in  particular  so  that 
any  point  of  one  coincides  with  a  prescribed  point  of 
the  other.  Now  let  A  and  B  be  two  points  of  the  first 
straight  edge,  and  let  A'  and  B'  be  the  two  superposed 
points  of  the  other.  Place  A'  on  B,  and  let  C  be  the 
point  of  the  first  which  falls  at  5^  Thus  we  can  mark 
the  set  of  equidistant  points  A,  B, 
C,  ...  on  the  first  straight  edge, 
which  can  now  be  used  as  a  ruler 
for    measuring    distances.     Like-  ^^' 

wise,  it  is  possible  to  construct  a  protractor  for  meas- 
uring angles.  The  laws  of  Euclidean  geometry  embody 
the  results  of  approximate  measurement  in  most  con- 
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venient  form.  These  laws  are  not  to  be  taken  as  ex- 
actly applicable,  particularly  since  no  bodies  are  com- 
pletely rigid. 

An  elaboration  of  these  geometric  ideas,  in  which 
the  earth  is  taken  as  a  rigid  sphere  of  reference,  gives 
rise  to  what  may  be  called  earth-space.  The  position 
of  a  body  in  earth-space  may  be  specified  by  giving 
three  spatial  numbers,  e.g.,  latitude,  longitude,  and 
distance  above  sea  level. 

These  systems  of  measurement  of  earth-space  and 
earth-time  may  be  usefully  combined.  Any  terrestrial 
event  may  be  completely  specified  by  naming  the  in- 
stant of  earth-time  and  the  point  of  earth-space  with 
which  it  is  identified. 

It  is  also  evident  from  everyday  experience  that  light 
is  derived  from  definite  material  bodies  like  the  sun, 
and  occupies  straight  lines  in  earth-space  in  accordance 
with  simple  optical  laws. 

A  physical  theory  will  be  held  reasonable  by  the  lay- 
man if  it  explains  these  properties  of  space,  time,  and 
light,  as  well  as  any  further  physical  facts  that  may 
have  come  to  his  knowledge. 

Our  concern  is  not  with  such  a  superficial  explana- 
tion of  the  obvious  facts  of  everyday  experience.  It  is 
entirely  with  that  fundamental  kind  of  explanation 
which  aims  to  provide  a  complete  and  exact  account 
not  only  of  these  facts  but  also  of  those  discovered  by 
the  more  searching  processes  of  the  laboratory  and  the 
observatory.  How  was  it  possible  to  advance  in  astron- 
omy except  by  means  of  geometry  which  makes  precise 
the  spatial  intuitions,  and  by  use  of  the  telescopic  lens 
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shaped  with  infinite  care  so  as  to  supplement  the  feeble 
powers  of  direct  observation?  By  such  means  the 
physical  universe  has  been  found  to  be  subject  to  highly 
exact  laws.  As  far  as  the  underlying  theory  has  been 
revealed  to  man,  these  laws  appear  to  be  unified  and 
grandiose. 

Let  us  turn  then  to  examine  spatio-temporal  laws 
in  some  such  spirit.  It  is  well  to  begin  here  too  by 
stating  what  are  conceived  to  be  the  facts  in  the 
theory  of  absolute  space  and  time  hitherto  accepted, 
and  what  are  conceived  to  be  the  facts  in  the  theory  of 
relativity.  In  this  way  it  will  appear  that  there  is  a 
great  deal  in  common  to  both,  so  that  the  divergences 
are  minor  by  comparison  and  the  new  theory  is  equally 
simple  and  concrete.  After  so  doing  it  will  be  pos- 
sible to  give  intelligent  consideration  to  the  question 
of  the  logical  analysis  of  space  and  time. 

According  to  the  classical  theory  there  are  two  prin- 
cipal conditions  which  must  be  satisfied  before  the 
spatial  comparison  of  material  bodies  (taken  to  be  at 
the  same  temperature)  becomes  possible  in  any  exact 
sense.  All  bodies  in  nature  are  elastic.  Even  a  piece 
of  steel  lying  upon  a  table  is  flattened  by  the  force  of 
gravity.  Consequently,  a  first  condition  is  that  the 
bodies  are  small  and  at  a  great  distance  from  any  large 
bodies,  so  that  such  gravitational  distortion  is  negli- 
gible. Furthermore,  if  such  bodies  are  in  a  state  of 
rotation,  a  similar  condition  of  distortion  will  ensue 
because  of  the  so-called  centrifugal  forces  called  into 
play.  Hence  it  is  necessary  further  that  there  be  no 
rotation.     Under    these   favorable  circumstances   any 


30  INFLUENCE   OF   RELATIVITY 

body  may  be  said  to  be  undisturbed.  When  two  un- 
disturbed bodies  are  placed  in  contact  they  will  con- 
tinue in  contact,  and  exact  measurement  by  super- 
position becomes  possible.  The  laws  of  Euclidean 
geometry  will  then  be  found  to  hold  with  maximum 
exactitude,  according  to  the  classical  theory. 

It  is  precisely  the  same  in  the  theory  of  relativity. 
Small  bodies  at  a  considerable  distance  from  any  large 
one  may  not  be  rotating,  and  then  may  be  said  to  be  in 
an  undisturbed  state.  WTien  placed  in  contact  their 
measurement  by  superposition  becomes  possible,  and 
the  laws  of  Euclidean  geometry  will  hold  with  the 
same  degree  of  exactitude. 

Even  so,  the  degree  of  accuracy  to  be  expected  will 
not  be  complete  if  matter  is  atomic,  because  of  atomic 
motion.  It  may  be  assumed  that  the  atoms  themselves 
are  made  up  of  perfectly  elastic  bodies  carrying  electric 
charges,  and  the  difficulty  will  thereby  be  turned. 
However,  our  knowledge  of  the  nature  of  the  atom  is 
so  incomplete  that  this  is  not  much  more  than  a  sub- 
terfuge. It  must  be  admitted  that  neither  the  classical 
nor  the  relativistic  theory  gives  any  adequate  account 
of  the  structure  of  matter. 

Further  measurement  by  means  of  light  rays  and  Eu- 
clidean triangulation  from  any  undisturbed  reference 
body  yields  the  position  of  other  such  bodies  as  if  all 
these  bodies  were  in  an  augmented  body  or  medium  in 
which  the  rays  of  light  occupy  the  straight  lines.  Any 
point  of  this  hypothetical  medium  may  be  called  a 
point  of  space,  whether  or  not  an  actual  material  body 
exists  there.     If  there   is  no  such  body  the  space   is 
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said  to  be  empty  at  the  point.  There  is  sometimes  a 
tendency  to  find  a  lack  of  reality  in  the  idea  of 
empty  space.  This  is  due  to  a  vague  appreciation  of 
the  fact  that  space  like  number  is  an  abstraction, 
although  both  are  extremely  useful.  The  physical 
properties  noted  when  a  material  body  is  brought 
to  a  point  of  empty  space  are  entirely  definite.  If 
a  lighted  match  is  placed  in  empty  space  {i.e.,  in  a 
vacuum),  its  flame  is  quenched ;  if  a  small  balloon  full 
of  air  is  placed  therein,  it  explodes. 

It  will  be  observed  that  the  space  which  has  been 
defined  is  the  relative  space  about  an  undisturbed 
reference  body.  At.  this  stage  a  difference  of  nomen- 
clature between  the  classical  and  relativistic  theories 
appears.  Undisturbed  bodies  may  be  moving  with 
respect  to  one  another.  In  the  relativistic  theory  the 
space  defined  by  any  one  such  body  has  precisely  the 
same  significance  as  any  other,  while  in  the  classical 
theory  a  particular  body  is  singled  out  as  absolutely 
at  rest,  and  is  used  to  define  an  absolute  space.  Never- 
theless, so  far  as  the  simple  experimental  methods  used 
above  are  concerned,  no  difference  will  appear  in  the 
various  spaces. 

The  laws  of  any  such  space  have  been  stated  to  be 
Euclidean.  It  is  distinctly  worth  while  to  pause  and 
consider  how  simple  and  reasonable  these  laws  are. 
The  simplicity  is  often  obscured  by  an  effort  at  logical 
completeness,  whereas  if  the  logical  demands  imposed 
are  only  such  as  would  have  satisfied  the  early  Greeks, 
geometric  laws  are  very  easily  understood. 

Any  (undisturbed)  body  is  made  up  of  parts.     The 
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smallest  such  part  is  indivisible  and  is  called  a  point. 
The  simplest  body  containing  two  distinct  points  is  a 
straight  line,  an  example  of  which  is  afforded  by  any 
ruler.  Two  such  straight  lines  have  the  characteristic 
property  that  they  must  coincide  throughout  if  they 
coincide  in  two  distinct  points.  The  plane  is  the  sim- 
plest body  containing  three  distinct  points  not  in  a 
straight  line.  Two  planes  will  coincide  throughout  if 
they  coincide  in  three  points  not  in  a  straight  line. 

Plane  geometry  deals  wholly  with  the  relations  of 
the  parts  in  a  plane.  The  facts  concerning  geometry 
in  the  plane  can  be  taken  to  repose  upon  the  following 
four  assumptions : 

I.  Measurement  of  distance  in  a  line  can  be  made  by 
means  of  the  ruler. 


Fig.  6. 


II.    Measurement  of  the  angle  between   lines  can  be 
made  by  means  of  the  protractor. 
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Fig.  7. 


III.    One  and  only  one  straight  line  contains  two  given 
points. 
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Fig.  8. 


THE  NATURE  OF  SPACE  AND  TIME 


33 


IV.  The  plane  is  alike  and  even  similar  to  itself  in  all 
its  parts. 

It  is  only  as  applied  to  triangles  to  the  extent  indi- 
cated in  the  adjoining  figure  that  this  assumption  is 
required. 

There  are  four  proposi- 
tions which  follow  readily 
from  I-IV  and  are  of  central 
importance  for  the  rest  of 
geometry.  We  proceed  to 
state  and  "  prove  "  these 
briefly.  Perhaps  the  first  two  of  these  will  appear  to 
be  sufficiently  evident  without  any  proof. 

V.  Two  triangles  with  equal  corresponding  sides  have 
equal  corresponding  angles. 

Consider  first  the  special  case  of  two  such  triangles 
ABC  and  ABD  with  the  side  AB  in  common,  and  with 

AC  =  AD,  BC  =  BD, 
while  the  triangles  lie 
upon  opposite  sides  of 
AB.  The  two  broken 
lines  CAD,  DAC,  taken 
in  the  order  named, 
have  equal  correspond- 
ing segments,  and  equal 
angles  at  A.  Hence  the 
triangles  CAD  and  DAC  have  corresponding  parts 
equal  by  IV.  The  angles  labeled  a  in  the  figure  are 
thus  equal ;  likewise  the  angles  labeled  b  are  equal. 
It  follows  from  II  that  the  angles  at  C  and  D  in  the 
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original  triangles  are  equal,  and  from  IV  that  these 
triangles  must  be  equal  in  all  respects. 

Now  suppose  given  any  triangle  A'B'C  with  sides 
equal  to  those  of  ABC.  By  use  of  IV  lay  off  a  triangle 
ABD  equal  in  all  respects  to  A'B'C,  and  lying  upon  the 
opposite  side  oi  AB  from  ABC.  By  the  above  argu- 
ment the  triangle  ABD,  and  thus  A'B'C\  will  be  equal 
in  all  respects  to  the  triangle  ABC,  as  was  to  be  proved. 

VI.  The  sum  of  the  two  angles  less  than  90°  in  a  right 
triangle  is  90°. 

The  proof  may  be  made  as  follows.  Bisect  the  sides 
of  the  right  triangle,  by  I.  Join  the  three  points  of 
bisection  by  three  straight  lines,  as  may  be 
done  by  III.  The  three  small  triangles 
touching  the  three  corners  of  the  given 
right  triangle  are  then  clearly  similar  to 
that  triangle  in  consequence  of  IV,  with 
corresponding  sides  half  as  great.  The 
same  is  seen  to  be  true  of  the  interior 
small  triangle  by  V.  Hence  the  angles 
labeled  a  and  h  are  the  same,  and  it  is  apparent  that 
when  these  are  added  by  means  of  the  protractor  in 
accordance  with  II,  their  sum  is  90°. 

VII.  In  a  right  triangle  the  side  opposite  the  right  angle 
is  related  always  to  the  other  two  sides,  as  in  the  case  of  the 
3,  4,  5  triangle  when 

32  _^  42  _  52^         le,,         9  +  IG  =  25. 

In  the  following  discussion  we  shall  show  that  a  right 
triangle  with  sides  adjacent  to  the  right  angle  in  the 
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Fig.  12. 


ratio  3  to  4,  will  have  the  side  opposite  that  angle  repre- 
sented by  5.  To  prove  it  ^^  in  general  "  by  the  same 
method  requires  a  little  elementary  algebra. 

Consider  the  first  triangle  below,  in  which  the  sides 
adjacent  to  the  right  angle  are  represented  by  9  and  12 
and  therefore  in 
the  ratio  3  to  4. 
The  numbers  9  and 
12  are  chosen  in- 
stead of  3  and  4 
to  avoid  fractions 
later. 

This  triangle,  in 
which  the  remaining  side  is  to  be  found,  is  clearly 
similar  to  the  second  right  triangle  with  sides  adjacent 
to  the  right  angle  in  the  ratio  12  to  16,  as  follows 
from  IV. 

If  these  two  triangles  be  joined  together  so  that  the 
common  sides  coincide,  a  larger  triangle  is  formed,  of 

which  the  largest  side 
is  9  +  16  or  25  by  I. 
The  opposite  angle  is 
the  sum  of  the  two 
angles  which  appear  in 
each  of  the  pair  of 
component  triangles. 
Hence  this  opposite 
angle  is  90°  by  VI,  and  the  triangle  formed  by  the 
combination  is  a  right  triangle  also.  The  new  right 
triangle  thus  obtained  is  similar  to  the  previous  ones, 
since  its  angles  are  the  same.     For  if  the  smaller  tri- 
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angles  are  magnified  in  the  proper  ratio  by  use  of  IV, 
and  superposed  on  the  Large  one  by  use  of  I,  II,  they 
will  coincide  with  it  throughout. 

We  are  now  sufficiently  advanced  in  our  knowledge 
to  find  the  magnitude  of  the  required  third  side  of  the 
first  triangle.  If  that  side  is  15,  the  side  9  of  the  first 
triangle  will  be  in  the  same  ratio  to  this  unknown  side 
as  that  side,  taken  as  belonging  to  the  combined  tri- 
angle, bears  to  the  side  25  in  that  triangle,  for  yV 
and  ^  are  both  f .  On  the  other  hand,  if  that  unknown 
side  is  more  or  less  than  15,  these  ratios  cannot  be 
equal  since  one  will  be  less  than  f  and  the  other 
greater.  Thus  the  third  side  is  exactly  15.  The 
remaining  side  of  the  large  triangle  is  of  course  20. 
Hence  it  appears  that  if  the  sides  adjacent  to  a  right 
angle  in  a  right  triangle  are  represented  by  3  and  4,  the 
side  opposite  that  angle  is  represented  by  5. 

The  last  proposition  which  we  shall 
state  is  the  following  : 

VIII.  Any  two  lines  at  right  angles  to- 
gether with  all  the  lines  at  right  angles  to 
them  form  a  network  of  rectangles. 

The  truth  of  this  statement  is  apparent 
Fig.  14.         from  the  same  figure  as  we  used  in  the 

proof  of  VI. 
It  will  be  found  that  with  the  aid  of  the  propositions 
I-VIII  it  is  a  very  easy  matter  to  establish  the  main 
facts  of  elementary  geometry  which  are  really  useful 
in  its  simplest  applications. 

The  way  in  which  many  salient  truths  of  geometry 
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are  incorporated  in  ordinary  experience  is  astonishing. 
A  host  of  relations  between  points,  Unes,  planes,  etc., 
are  constantly  apprehended  at  a  single  glance.  Con- 
sider the  obvious  fact  that  if  a  man  walks  three  miles 
east  and  then  four  miles  north,  he  will  arrive  at  the 
same  destination  as  if  he  had  first  walked  north  four 
miles  and  then  east  three  miles.  This  is  a  truth  closely 
related  to  VIII.  There  are  many  similar  obvious  facts 
embodying  geometric  truths. 

The  preceding  formulation  of  the  methods  and  laws 
of  spatial  measurement  indicates  that  there  is  no 
difference  in  the  meaning  of  these  for  the  old  or  the 
new  theor}^  The  same  is  true  of  temporal  measure- 
ment in  its  most  fundamental  aspect,  as  will  be  ex- 
plained immediately.  It  is  only  in  the  interrelation  of 
space  and  time  that  a  difference  will  be  found  to  exist. 

Let  a  tuning  fork  be  in  an  undisturbed  state  in  the 
space  which  it  defines,  and  afterwards  let  it  be  set  in 
a  state  of  slight  vibration.  Each  point  of  the  tuning 
fork  will  then  execute  a  periodic  vibration  about  a 
point  of  that  space,  and  thereby  give  a  means  of  meas- 
urement of  the  lapse  of  time,  i.e.,  a  clock.  This  is  a 
perfect  clock  for  any  theory  yet  considered,  so  far  as 
indicating  lapse  of  time  is  concerned.  A  clock  may  be 
defined  to  be  any  small  mechanism  which  serves  to 
indicate  equal  intervals  of  time  in  its  history.  Clocks 
are  omnipresent  in  nature,  and  the  vibrating  atom  of 
any  chemical  element  is  a  kind  of  ideal  clock.  A  clock 
merely  measures  duration  where  it  is,  i.e.,  local  time. 

The  simplest  method  of  comparing  time  at  different 
places  on  an  undisturbed  reference  body  is  by  moving 
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clocks  very  slowly  from  one  place  to  another,  so  as  not 
to  interfere  with  their  action.  Still  a  second  method 
is  to  read  the  clocks  from  a  position  halfway  betw^een 
them,  in  which  case  the  readings  should  be  the 
same.  An  alternative  equivalent  method  available  for 
a  distant  event  is  to  take  its  time  of  happening  as  mid- 
way between  the  time  of  a  light  flash  from  the  body 
reaching  the  point  when  the  event  happens,  and  the 
time  of  the  reflected  flash  returning  to  the  body.  By 
these  means  simultaneity  and  time,  as  w^ell  as  space, 
may  be  defined  physically  relative  to  the  undisturbed 
reference  body  chosen. 

The  fact  that  events  simultaneous  for  one  reference 
body  are  not  so  for  another  can  be  made  clear  as  fol- 
lows. Imagine  a  long  train  in  rapid  motion  on  the 
earth,  and  that  at  a  certain  instant  (in  the  space  and 
time  of  the  earth)  a  flash  of  light  starts  halfway  along 
the  train  ;  this  will  be  the  case  also  for  the  flash  in  the 
space  and  time  of  the  train.  Obviously,  by  definition, 
the  light  flash  will  reach  the  ends  of  the  train  simul- 
taneously in  its  space  and  time.  But  in  the  space  and 
time  of  the  earth  the  two  events  will  not  be  simulta- 
neous, for  evidently  the  flash  will  reach  the  approaching 
end  of  the  train  before  it  reaches  the  receding  end. 

It  is  to  be  especially  observed  that  the  actual  physical 
means  employed  in  constructing  the  system  of  space 
and  time  reference  are  identical  in  both  theories. 

In  nature  no  completely  undisturbed  bodies  are  to 
be  found,  although  some  are  nearly  in  such  a  state. 
Some  such  body  of  reference  is  used  to  set  up  a  specific 
system  of  space  and  time.     The  query  naturally  arises 
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as  to  whether  it  is  not  possible  to  define  space  and  time 
otherwise  than  by  means  of  small  undisturbed  refer- 
ence bodies.  The  answer  is  that  the  corrections  to  the 
preceding  processes  then  required  are  extremely  tech- 
nical. Consider  a  heavy  elastic  sphere  at  rest  in  the 
absolute  space  of  the  classical  theory ;  a  first  requisite 
for  its  use  in  space  measurement  is  a  complete  knowl- 
edge of  the  theories  of  elasticity  and  gravitation.  In 
all  cases  and  no  matter  which  theory  is  adopted,  the 
path  to  highly  exact  spatio-temporal  measurement 
otherw^ise  than  as  stated  is  an  extremely  arduous 
one. 

There  is  a  slight  difference  in  the  spatio-temporal 
facts  as  these  are  conceived  in  the  two  theories.  In  the 
classical  theory  there  is  a  particular  undisturbed  ref- 
erence body,  absolutely  at  rest,  for  which  the  statement 
of  physical  law  assumes  a  superior  simplicity.  For  it, 
light  travels  with  the  same  velocity  in  all  directions, 
and  the  shape  and  size  of  other  undisturbed  bodies  in 
relative  motion,  taken  at  an  instant  of  its  own  absolute 
time,  are  the  same  as  if  the  bodies  were  at  rest.  In 
the  theory  of  relativity,  every  undisturbed  reference 
body  defines  a  relative  space  and  time  which  has  the 
same  validity  as  that  of  any  other  body.  In  particular 
the  velocity  of  light  is  the  same  in  all  such  spaces.  To 
counterbalance  this  increase  in  simplicity,  however, 
there  will  exist  a  modification  in  the  shape  and  size  of 
an  undisturbed  reference  body  in  relative  motion  as 
obtained  by  the  indirect  optical  method,  although  there 
will  be  no  modification  if  the  dimensions  are  determined 
by  direct  spatial  measurement. 
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It  is  particularly  important  to  understand  the  modi- 
fication to  which  the  notions  of  time  and  simultaneity 
are  subjected  in  the  passage  from  the  old  to  the  new 
ideas. 

In  whatever  way  time  may  be  determined,  there  is 
one  property  unconditionally  demanded,  namely,  that 
it  be  impossible  to  modify  events  subsequent  to  their 
happening.  If  a  wireless  signal  is  sent  from  Boston 
at  exactly  12  o'clock,  it  must  not  affect  the  New  York 
receiving  station  before  that  hour.  Similarly,  if  a 
signal  is  sent  from  New  York  at  12  o'clock,  it  must  not 
reach  Boston  before  that  hour.  However,  since  the 
signal  only  takes  about  one  five-hundredth  of  a  second 
to  pass  back  and  forth,  it  is  clear  that  this  single  demand 
upon  the  notion  of  time  has  fixed  simultaneity  to  within 
very  narrow  limits.  Now  there  is  no  known  velocity 
which  exceeds  that  of  light  and  electricity.  In  fact, 
such  a  velocity  seems  contrary  to  the  essential  con- 
stitution of  nature.  Hence  this  kind  of  simultaneity 
appears  to  admit  of  no  clearer  definition.  It  may  be 
termed  ordinary  simultaneity. 

Absolute  simultaneity  is  of  an  entirely  different 
character.  It  implies  the  existence  of  a  uniquely  de- 
fined system  of  time  measurement,  with  the  aid  of 
which  the  statement  of  general  physical  law  obtains 
its  maximum  simplicity.  For  example,  the  law  of 
gravitation  formulated  by  Newton  for  classical  physics 
will  only  hold  if  absolute  time  is  used  in  the  measure- 
ment of  the  gravitational  acceleration  of  bodies.  Such 
is  the  absolute  simultaneity  of  classical  physics. 

On  the  other  hand,  if  some  specific  system  of  time 
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measurement  is  taken  which  yields  the  maximum 
simplicity  in  the  statement  of  physical  laws,  and  yet 
there  exist  other  systems  for  which  the  same  laws  hold, 
then  there  is  no  such  thing  as  absolute  time  or  absolute 
simultaneity.  This  is  the  situation  in  relativity  where 
the  systems  of  time  measurement  for  various  undis- 
turbed reference  bodies  are  equally  valid. 

Thus  the  absolute  time  and  simultaneity  of  the 
classical  physics  are  replaced  by  a  relative  time  and 
simultaneity  dependent  on  the  undisturbed  reference 
body  selected.  The  new  simultaneity  meets  the  fun- 
damental demand  first  imposed. 

There  is  a  third  kind  of  simultaneity  which  may  be 
called  transcendental.  If  the  mind  of  Deity  envisaged 
events  in  a  temporal  order,  there  would  be  defined  a 
transcendental  type  of  simultaneity.  Similarly,  if 
telepathic  communication  became  possible  and  it  was 
found  to  be  instantaneous  in  the  sense  that  immediate 
communication  back  and  forth  were  possible,  then  a 
species  of  transcendental  simultaneity  would  be  thereby 
defined.  The  validity  of  any  transcendental  simul- 
taneity is  entirely  speculative,  of  course. 

Einstein  was  the  first  to  realize  that  it  is  not  neces- 
sary to  hold  to  the  notion  of  absolute  time.  While 
absolute  space  had  not  been  securely  defined  in  the 
Newtonian  theory,  absolute  time  and  its  attendant 
concept  of  absolute  simultaneity  had  never  been  ques- 
tioned before.  The  cornerstone  of  Einstein's  logical 
analysis  of  space  and  time  declares  the  abandonment 
of  the  unnecessary  hypothesis  of  absolute  time,  at  least 
until  it  is  called  for  by  the  physical  facts.     This  implies 
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that  the  notion  of  a  rigid  body  must  be  held  in  abeyance, 
too,  since  the  rigid  body  is  conceived  of  as  one  which 
can  move  about  freely,  while  the  distance  between  a 
pair  of  its  points  at  any  instant  of  absolute  time  re- 
mains invariable.  Such  a  statement  becomes  mean- 
ingless when  the  notion  of  absolute  time  is  abandoned. 

It  may  ultimately  appear  that  one  particular  refer- 
ence space  possesses  an  entirely  superior  character  for 
the  statement  of  the  laws  of  nature,  and  hence  we  may 
wish  to  call  that  space  absolute.  Likewise  some  one 
time  may  be  preferable,  in  which  case  it  may  be  called 
absolute  time.  Nevertheless,  even  if  this  happens  to 
be  the  case,  it  will  be  well  not  to  forget  that  such  a 
particular  choice  is  in  no  sense  a  priori,  but  is  a  matter 
of  convenience  and  is  arrived  at  through  observed 
laws  experimentally  determined.  It  will  be  seen  that 
this  broader  point  of  view  insists  that  the  universe  of 
events  has  primary  significance,  and  that  it  is  desirable 
to  characterize  it  in  some  fashion  or  other  in  terms  of  a 
three-dimensional  space  and  one-dimensional  time, 
together  constituting  w^hat  may  be  called  the  four- 
dimensional  space-time  of  events. 

It  has  been  made  clear  earlier  that  relativity  has  no 
useful  application  in  the  limited  field  of  direct  human 
observation.  Here  the  ideas  of  earth-time  and  earth- 
space  were  found  to  provide  the  natural  means  of 
accounting  for  the  directly  observed  facts.  The  ap- 
plication of  relativity  was  found  instead  to  lie  in  the 
complete  and  exact  statement  of  physical  laws.  How- 
ever, the  very  terms  *'earth-time"  and  '* earth-space '^ 
indicate  that  space  and  time  are  relative.     Hence  there 
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ought  to  be  no  difficulty  in  passing  to  the  relativistic 
point  of  view.  The  detailed  comparison  just  made 
indicates  that  the  new  theory  is  simpler  in  some  ways 
than  the  old,  and  that  both  have  a  great  deal  in 
common. 

We  now  propose,  in  conclusion  of  this  chapter,  to 
attempt  to  consider  space  and  time  without  prejudice 
by  looking  afresh  at  the  physical  world  about  us.  By 
doing  so  we  shall  find  it  possible  to  adopt  a  more 
affirmative  point  of  view  towards  relativity. 

It  is  idealized  interstellar  space  which  furnishes  the 
motif  for  the  new  physics  much  as  the  idealized  rigid 
body  did  for  the  old.  In  interstellar  space  are  found 
vast  stretches  of  empty  space  with  here  and  there  com- 
paratively infinitesimal  stars,  moving  with  velocities 
relative  to  one  another  which  may  reach  hundreds  of 
miles  a  second.  From  these  bodies  light  spreads  out 
with  inconceivable  exactitude  in  every  direction,  and 
may  be  measured  by  means  of  that  eye  of  the  astrono- 
mer, the  telescope,  and  his  clock.  Thus  we  are  striving 
to  interpret  anew  this  world  of  the  astronomer. 

In  the  new  model  there  soems  to  be  only  one  type  of 
measurable  quantity,  namely,  that  of  duration  at  any 
one  of  the  particles  by  which  we  propose  to  replace  the 
stars  and  other  bodies  in  interstellar  space,  in  order  to 
idealize  and  simplify  it  to  the  utmost.  We  propose  to 
assume  also  that  this  duration  is  measurable  by  means 
of  clocks  at  the  particles,  and  has  physical  significance 
in  the  correlation  of  events  happening  at  any  particle. 
These  clocks  are  supposed  to  be  identical  in  structure, 
so  that  if  they  are  brought  together  they  will  run  at  the 
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same  rate.  Such  clocks  exist  in  any  physical  theory 
which  has  been  so  far  proposed. 

Other  particles  may  be  at  rest  relatively  to  a  given 
particle,  as  will  be  evidenced  when  a  light  signal  always 
takes  the  same  time  to  travel  back  and  forth  in  the  time 
measured  on  the  clock  of  the  first  particle.  Three 
particles  relatively  at  rest  will  furnish  a  basis  triangle, 
by  which  a  space  of  reference  may  be  set  up  through  a 
light-signaling  process  only.  The  experimental  rules 
adopted  in  doing  this  will  be  exactly  the  same  as  for 
three  particles  at  rest  in  the  ether  of  the  classical  theory, 
so  that  a  particular  time  of  reference  will  be  obtained 
also. 

It  can  now  be  proved  that  if  space-time  is  alike  in 
all  its  parts  (which  seems  as  natural  and  inevitable  an 
assumption  as  that  the  plane  of  Euclidean  geometry  is 
alike  in  all  its  parts)  then  the  reference  space  and  time 
will  have  notably  simple  properties. 

In  the  first  place,  any  such  space  will  be  subject  to 
exact  Euclidean  laws  of  distances  and  of  angles  obtained 
by  light-signaling  methods.  Here  we  obtain  an  optical 
interpretation  of  space  akin  to  that  demanded  by 
Aristotle.  Bodies  at  each  instant  of  the  chosen  time  fill 
a  part  of  this  space.  It  is  found,  further,  that  light  will 
travel  with  one  constant  velocity  in  all  directions,  and 
other  particles  will  travel  with  uniform  velocity  in  a 
straight  line,  the  velocity  being  less  than  that  of  light. 
It  will  even  appear  that  the  relative  velocity  of  two 
particles  is  the  same  in  the  system  of  reference  of  either. 

All  the  assumptions  hitherto  used  are  granted  either 
in  the  classical  or  in  the  relativistic  theory,  and  so  it 
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would  seem  that  there  is  no  denying  the  correctness  of 
the  logical  analysis  of  the  model  presented  by  inter- 
stellar space,  as  far  as  we  have  proceeded  with  it. 

The  characteristic  hypothesis  of  the  theory  of  rela- 
tivity now  enters.  Up  to  this  point  there  has  been  a 
perfect  parity  between  all  the  particles  in  interstellar 
space,  and  as  far  as  that  model  is  concerned  it  seems  as 
inevitable  to  assume  that  this  parity  is  complete  as  it 
does  to  assume  that  all  points  are  on  a  parity  in  the 
Euclidean  plane.  The  hypothesis  of  relativity  merely 
asserts  the  parity  to  be  complete. 

It  is  desirable  to  be  more  specific.  If  a  particle  B 
is  moving  relatively  to  the  reference  particle  A,  it  is  not 
hard  to  show  that  the  apparent  rate  of  5's  clock  meas- 
ured in  A's  own  reference  space  and  time  will  vary  in 
general  with  B's  apparent  velocity.  It  is  necessary  to 
emphasize  the  fact  that  the  rate  of  5's  clock  so  meas- 
ured cannot  be  in  general  the  same  as  the  rate  of  the 
clock  at  A  even  in  the  classical  theory,  since  in  that 
theory  it  will  only  be  the  same  if  the  reference  particle 
A  happens  to  be  absolutely  at  rest. 

The  characteristic  assumption  may  now  be  stated 
in  more  specific  terms.  The  apparent  rate  of  5's  clock 
in  A's  space  and  time  must  depend  in  exactly  the  same 
way  on  the  relative  velocity  of  B,  whatever  particle 
A  is. 

It  is  even  sufficient  to  demand  that  when  direct  visual 
observation  of  the  rate  of  B's  clock  is  made  at  A,  its 
rate  is  the  same  as  that  of  A's  clock  as  observed  visually 
at  B,  at  least  if  A  and  B  approach  one  another  or  recede 
in  the  same  straight  line. 


46  INFLUENCE  OF  RELATIVITY 

When  stated  in  this  form,  the  truth  of  relativity 
almost  becomes  a  philosophic  necessity.  Imagine  an 
interstellar  space  containing  only  two  particles  which 
are  approaching  each  other.  Why  should  not  the 
relation  between  them  be  entirely  symmetric? 

Now  the  space-time  was  highly  idealized  in  that  only 
point  particles  were  assumed  to  be  present.  As  a  mat- 
ter of  fact  such  matter  will  always  have  spatial  ex- 
tension. If  the  spirit  of  the  characteristic  hypothesis 
of  relativity  is  to  be  maintained,  it  must  be  assumed 
that  undisturbed  elastic  matter  at  rest  in  any  reference 
space  will  always  have  the  same  size  and  shape,  i.e.j 
that  the  back  and  forth  signaling  time  between  any 
pair  of  points  of  such  a  body  will  be  the  same  under  all 
circumstances.  It  follows  that  direct  measurement 
by  superposition  of  undisturbed  elastic  bodies  may 
be  employed.  This  substantiates  more  fully  the  claim 
made  earlier  concerning  the  role  of  geometry  in  rela- 
tivity. Of  course  in  actual  experience  the  conditions 
are  not  met  exactly,  but  the  same  difficulty  is  presented 
whatever  theory  is  adopted. 

A  more  careful  examination  of  the  consequences  of 
the  hypothesis  of  relativity  shows  that  the  respective 
times  and  spaces  of  any  two  reference  bodies  are  the 
same  if  and  only  if  they  are  relatively  at  rest.  If  they 
are  moving  slowly  relatively  to  one  another  in  compari- 
son with  the  velocity  of  light,  the  differences  between 
their  respective  spaces  and  times  are  extremely  minute, 
and  altogether  beyond  the  range  of  observation  under 
the  conditions  which  usually  obtain.  Nevertheless, 
differences  are  found  to  exist,  which  justifies  the  cau- 
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tion  which  enjoined  us  from  assuming  an  absolute 
time.  It  must  be  emphasized  that  the  various  spaces 
and  times  are  effectively  interrelated,  so  that  time  can 
no  longer  be  thought  of  by  itself. 

It  is  unreasonable  to  expect  any  very  obvious  rela- 
tion to  exist  between  two  different  systems  of  space 
and  time  reference.  Is  it  obvious  how  latitude  and 
longitude  on  the  earth  would  be  modified  if  the  mag- 
netic pole  were  used  instead  of  the  north  pole  ? 

Thus  the  facts  observed  in  everyday  experience  are 
as  well  accounted  for  by  the  theory  of  relativity  as  by 
the  classical  theory  of  space  and  time,  while  the  former 
is  superior  in  that  it  explains  the  negative  result  to  be 
expected  from  any  experiment  designed  to  determine 
the  absolute  motion  of  a  particle  in  interstellar  space. 

The  theory  outlined  above  is  the  special  theory  of 
relativity  formulated  by  Einstein  in  1905.  The  formu- 
lation took  no  account  of  gravitation,  and  yet  it  is 
possible  to  formulate  a  relativistic  law  of  gravita- 
tion in  harmony  with  that  theory.  Einstein's  general 
theory  of  relativity  of  1915,  to  which  we  turn  in  the 
next  chapter,  accounted  for  gravitation  even  more  com- 
pletely and  profoundly. 

It  is  often  thought  that  there  is  something  incon- 
sistent about  the  special  theory  of  Einstein.  This  is  a 
mistaken  point  of  view.  In  fact  the  theory  of  rela- 
tivity, like  Euclidean  geometry,  is  a  complete  theory 
which  may  or  may  not  be  exactly  applicable  to  the 
physical  world  in  which  we  live.  It  is  a  self-consistent 
abstraction  in  any  case,  and  the  proof  of  its  self-con- 
sistency is  no  more  difficult  than  that  of  elementary 
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geometry.  The  self-consistency  of  geometry  is  usually 
assumed  without  question  because  geometric  relations 
are  realized  approximately  in  experience,  but  that  cir- 
cumstance alone  is  not  sufhcient  to  make  it  rigorously 
self-consistent.  Similarly,  if  we  are  willing  to  take 
the  analysis  of  interstellar  space  (which  certainly  has 
physical  existence)  as  proceeding  intuitionally  along  the 
lines  indicated  above,  we  will  not  require  a  proof  of 
self-consistency.  If  we  refuse  to  accept  this  approach, 
an  argument  may  be  made  of  the  purely  arithmetic 
t^^pe  available  in  geometry. 

In  our  own  world  in  which  the  relative  velocities  of 
bodies  are  very  small  when  compared  with  that  of  light, 
nearly  all  the  spaces  and  times  are  substantially  identi- 
cal. It  may  be  conjectured  that  the  laws  of  nature 
are  such  that,  although  relative  velocities  were  high  in 
the  remote  past,  they  have  tended  to  diminish.  Thus 
the  low  relative  velocities  now  found  may  be  accounted 
for.  It  is  natural,  nevertheless,  to  look  upon  the 
situation  just  alluded  to  as  an  argument  against  rela- 
tivity from  the  very  standpoint  of  convenience  so  much 
insisted  on  hitherto,  for  it  is  certainly  convenient  to 
define  some  particular  space  and  time  with  respect  to 
which  all  the  stars  are  in  slow  motion.  The  reply  to 
this  argument  is  merely  that  it  is  in  no  way  indicated 
exactly  what  space  and  time  are  to  be  taken  as  absolute. 

Thus  the  new  point  of  view  takes  its  start  in  the 
grandiose  interstellar  space  of  the  astronomer,  in  which 
particles  are  in  motion  relative  to  one  another,  and 
light  waves  pass  to  and  fro.  The  local  clock  and  tele- 
scope are  the  only  instruments  of  precision.     If  the  par- 
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ity  of  these  particles  be  granted  as  a  most  reasonable 
hypothesis,  the  relativity  of  both  space  and  time  to  the 
particular  particle  flows  with  the  same  inexorable  neces- 
sity as  prevails  in  Euclidean  geometry. 

The  situation  is  akin  to  that  presented  by  the  lines  of 
symmetry  in  a  closed  oval.  If  the  oval  is  circular, 
there  are  infinitely  many  lines  of  symmetry  passing 
through  the  center  of  the  circle,  and  each  is  as  valid  as 
any  other.  The  relativity  of  nature  resides  in  a  similar 
symmetry  of  natural  law  for  various  systems  of  spatio- 
temporal  measurement.  If  a  point  on  the  circle  is 
marked,  there  will  be  only  one  line  of  symmetry  which 
will  pass  through  the  marked  point.  This  is  analogous 
to  the  fact  that  a  specification  of  the  reference  body 
fixes  the  space  and  time  completely. 


CHAPTER   III 

THE   OLD   AND   NEW   THEORIES   OF   GRAVITATION 

With  these  facts  in  mind  concerning  Einstein's  special 
theory  of  relativity  of  1905,  it  is  possible  for  us  to  ap- 
proach with  advantage  his  general  theory  of  1915, 
which  is  a  fundamental  extension  of  the  special  theory, 
devised  to  account  for  the  phenomenon  of  gravitation. 

It  is  a  commonplace  of  experience  that  when  material 
objects  are  left  free,  they  fall  to  the  earth.  If  suspended 
from  above  they  stretch  downward,  and  if  supported 
from  below  they  flatten  in  the  same  direction.  It  is 
customary  to  think  of  such  effects  as  due  to  gravita- 
tional force.  This  force  acts  with  nearly  the  same 
intensity  everywhere  on  the  earth's  surface.  Very 
careful  experiments  indicate  that  it  is  proportional  to 
the  mass  or  quantity  of  matter  concerned. 

It  may  have  been  felt  in  early  times  that  some  force 
of  an  analogous  nature  keeps  the  heavenly  bodies  in 
their  prescribed  paths.  Kepler  had  specific  ideas  about 
gravitation,  nearly  all  of  which  were  correct.  He  con- 
jectured that  the  virtus  motrix  diminished  as  the  dis- 
tance between  the  bodies  increased,  in  particular  in- 
versely as  the  distance.  However,  the  mathematical 
tools  necessary  to  deal  with  the  questions  at  issue  had 
not  then  been  invented  ;  these  were  the  analytic  geom- 
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etry  of  Descartes  and  the  infinitesimal  calculus  of 
Newton  and  Leibniz. 

The  possibility  that  the  force  varied  inversely  as  the 
square  of  the  distance,  so  that  when  the  distance  was 
doubled  the  force  diminished  to  one  quarter  of  its 
magnitude,  interested  Newton  as  well  as  several  of  his 
contemporaries.  It  was  the  extraordinary  accomplish- 
ment of  Newton  to  have  established  with  the  aid  of 
the  calculus  that  this  law  of  force  holds  with  a  high 
degree  of  accuracy  throughout  nature,  by  applying  it 
to  the  solar  system,  comets,  tides,  etc.  The  subse- 
quent more  thoroughgoing  application  to  nature  has 
requh'ed  notable  mathematical  skill  as  well  as  exten- 
sive computation,  and  the  agreement  of  theory  and 
the  facts  has  been  found  to  be  nearly  complete. 

The  Newtonian  law  is  unparalleled  in  the  realm  of 
physics  because  it  calls  for  the  instantaneous  spreading 
of  a  disturbance  throughout  all  space.  Thus,  if  a  ma- 
terial object  is  moved  suddenly,  the  disturbance  in 
gravitational  force  caused  thereby  is  supposed  to  affect 
instantly  the  most  distant  stars.  No  explanation  of 
the  law  has  been  forthcoming  which  accounts  for  it  as 
a  secondary  result  of  the  properties  of  matter  and  elec- 
tricity. Substantially  all  that  has  been  done  is  to 
state  the  law  and  deduce  mathematically  its  many 
consequences. 

It  would  be  unreasonable  to  expect  a  complete 
explanation  of  a  phenomenon  as  basic  as  gravitation, 
and  yet  there  is  much  to  be  said  that  is  well  worthy  of 
careful  consideration.  A  complete  explanation  of  any 
set  of  facts  undertakes  to  account  for  them  in  terms  of 
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still  more  fundamental  accepted  facts.  For  instance, 
heat  may  be  explained  in  this  way  as  molecular  motion, 
discerned  in  a  gross  statistical  way  by  means  of  the 
senses.  To  whatever  extent  this  kind  of  explanation 
may  be  carried,  there  must  remain  other  facts,  taken 
for  granted  and  not  explicable  in  the  same  satisfying 
manner.  There  is,  however,  another  imperfect  kind 
of  explanation  (such  as  is  here  attempted  for  gravita- 
tion) which  may  be  possible.  For  instance,  geometry 
can  be  developed  from  a  few  intuitively  accepted 
truths  into  all  its  infinite  and  beautiful  variety  by  means 
of  systematic  reasoning.  Such  a  development  gives 
an  excellent  example  of  the  second  type  of  explanation. 
Another  illustration  of  the  same  type  is  found  in  the 
so-called  analytic  theory  of  heat,  where  a  few  reason- 
able assumptions,  such  as  that  heat  is  a  measurable 
quantity  and  flows  from  hot  to  cold,  yield  a  complete 
theory  by  logical  development. 

It  will  appear  that  the  law  of  gravitation  is  similarly 
predetermined  by  its  broad  qualitative  properties  as 
an  interaction  between  bodies  not  in  direct  contact, 
together  with  the  principle  of  relativity  present  in  the 
particular  framework  of  the  physical  universe  which 
is  taken  as  starting  point.  This  is  true  of  the  theories 
of  gravitation  of  both  Newton  and  Einstein.  Conse- 
quently it  would  seem  that  the  law  of  gravitation  ex- 
presses in  the  simplest  possible  terms  the  direct  purpose 
of  nature  that  material  bodies  tend  to  approach  one 
another  in  empty  space. 

In  the  framework  of  space  and  absolute  time  at  the 
base  of  Newton's  theories,  any  undisturbed  body  yields 
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an  attached  reference  space  in  which  other  undisturbed 
bodies  move  with  uniform  velocities  in  a  straight  line. 
Let  us  select  some  such  space  of  reference.  Any  other 
space  which  moves  relatively  to  the  selected  space 
with  uniform  rectilinear  motion  will  serve  equally  weU. 

The  tj^pe  of  relativity  which  is  present  in  the  special 
model  forming  the  starting  point  is  particularly  to  be 
noted.  Here  the  bodies  are  so  small  and  so  far  apart 
that  they  may  be  treated  as  point  particles  which  do 
not  disturb  one  another.  The  special  model  may  be  con- 
sidered to  be  realized  with  high  exactitude  in  interstellar 
space.  Now  what  is  the  type  of  relativity  referred  to  ? 
It  is  that  a  particular  space  can  be  replaced  by  any  other 
space  moving  uniformly  in  any  direction,  and  also  that 
particular  units  of  length  and  time  can  be  replaced  by 
any  other  units,  without  change  in  the  statement  of 
physical  laws.  It  is  natural  to  try  to  maintain  such  a 
relativity  in  the  generalization  of  the  special  model  to 
space  and  time  taken  as  the  container  of  interacting 
matter.  In  another  form,  this  requirement  means  that 
the  physical  properties  of  bodies  are  to  be  thought  of 
as  independent  of  velocity  and  orientation  in  the 
selected  space. 

First  let  us  con- 
sider briefly  the  con- 
tact forces  such  as 

arise    when     equal,  ^  ,    -p^^  ^^ 

rigid,  spherical  par- 
ticles happen  to  collide.     The  two  particles  will  move 
with  constant  velocities  along  straight  lines  before  col- 
lision.    The  point  P  midway  between  their  centers  will 
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do  likewise.  Let  the  space  of  reference  be  taken  to  be 
attached  to  this  point,  P.  Then  in  the  equally  valid 
new  reference  space,  the  two  particles  will  approach  one 
another  with  equal  velocities  in  opposite  directions  and 
collide  at  P.  It  is  assumed  for  the  sake  of  simplicity 
that  the  collision  is  direct  and  not  glancing.  The  recoil 
must  be  in  the  straight  line  joining  the  two  particles, 
if  the  principle  of  relativity  which  obtains  in  the  special 
model  is  not  to  be  destroyed.  In  fact,  otherwise,  the 
result  would  not  be  independent  of  orientation  in  the 
space  selected.  Likewise,  the  two  velocities  of  recoil 
must  be  equal,  or  there  would  be  a  phj^sical  distinc- 
tion between  the  two  directions  on  the  line  of  approach. 
Finally,  if  we  interpret  the  relativity  of  time  in  the 
mathematical  sense  that  the  unit  of  time  can  be  changed 
to  its  negative  {i.e.,  that  any  series  of  happenings  can 
be  described  in  the  reverse  order),  it  appears  readily 
enough  that  the  velocity  of  recoil  must  be  the  same  as 
that  of  approach. 

Thus  the  entire  behavior  under  direct  collision  is 
determined,  and,  by  reference  back  to  the  original  space, 
it  is  found  that  the  laws  of  collision  are  such  as  to  leave 
unaltered  the  momentum  and  energy  as  well  as  the  mass 
of  the  pair  of  colliding  particles.  By  such  means,  with 
the  natural  and  inevitable  extension  to  gases,  liquids, 
and  solids,  as  obtained  by  aggregation  of  molecular 
particles,  the  behavior  of  bodies  in  contact  can  be 
determined  in  large  measure  by  the  mere  requirement 
that  the  relativity  of  space  and  time  remains  as  exten- 
sive as  in  the  special  model. 

The   alternative  kind  of   force   is   that  which   acts 
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between  bodies  through  empty  space.  Let  us  see  how 
it  is  that  such  gravitational  force  is  determined  in  char- 
acter by  the  same  requirement  that  the  relativity 
present  in  the  special  model  be  preserved. 

It  should  be  observed  that  the  word  force  as  used 
here  and  earlier  has  no  metaphysical  significance. 
\^Tien  any  particle  departs  from  motion  with  constant 
velocity  in  a  straight  line,  then,  in  the  momentarily 
attached  Newtonian  space,  the  particle  will  be  leaving 
its  position  by  a  definite  distance  in  one  second.  Such 
a  displacement  in  position  for  each  unit  of  mass  is  the 
measure  of  the  force  which  acts.  Hence  we  can  define 
force  by  purely  geometric  methods  based  on  a  measure- 
ment of  displacement  from  uniform  motion  in  a  straight 
line,  and  this  is  the  definition  adopted  here. 

Now  the  Newtonian  analysis  of  space  and  time  is 
incomplete  to  the  extent  that  it  proceeds  as  if  light  were 
propagated  instantaneously.  But  such  a  restriction 
only  means  that  the  velocities  of  bodies  are  of  very 
small  magnitude  in  comparison  with  the  velocity  of 
light.  In  order  that  such  a  situation  be  maintained,  it 
is  necessary  that  only  bodies  of  small  mass  be  con- 
sidered. It  is,  therefore,  a  restriction  to  the  case  of 
small  masses  and  velocities. 

Take  first  two  equal  spheres  of  small  mass  relatively 
at  rest,  held  at  a  fixed  distance  apart  by  a  very  light 
rigid  bar.  If  the  bar  is  removed,  the  mutual  influence 
hypothesized  must  necessarily  result  in  a  displacement 
of  the  spheres  along  their  line  of  centers,  measurable 
as  a  force.  This  conclusion  follows  by  the  principle  of 
relativity  used  before.     The  magnitude  of  the  force 
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can  only  depend  on  the  distance  between  the  spheres. 
Unless  some  particular  absolute  unit  of  length  exists, 
the  force  must  vary  as  a  power  of  the  distance,  as  a 
little  mathematical  argument  would  show ;  the  exist- 
ence of  such  a  unit  of  length  is  inconsistent  with  the 
same  principle  of  relativity.  The  force  cannot  vary 
directly  as  a  power  if  it  is  to  vanish  when  the  two 
bodies  are  at  a  great  distance  from  one  another.  It 
cannot  vary  inversely  as  the  first  power  of  the  dis- 
tance, for  in  that  case  bodies  approaching  one  another 
from  a  distance  acquire  indefinitely  large  velocities 
by  mutual  influence.  Nor  can  it  vary  inversely  as  the 
third  power  or  a  higher  power,  for  then  the  mere  aggre- 
gation of  continuous  matter  provides  an  infinite  supply 
of  energy.  Thus,  by  very  obvious  requirements,  the 
range  of  choice  appears  effectively  narrowed  down  to 
the  law  of  Newton,  according  to  which  the  force  varies 
inversely  as  the  second  power  of  the  distance. 

Although  only  the  gravitational  interaction  of  two 
small  equal  spheres  has  been  considered,  the  principle 
of  the  superposition  of  small  effects,  widely  observed 
in  nature,  is  of  service  in  the  determination  of  the 
forces  of  interaction  betw^een  any  number  of  equal 
or  unequal  small  bodies.  A  simple  illustration  of  this 
principle  is  afforded  when  sets  of  circular  ripples,  caused 
by  as  many  pebbles  striking  the  surface  of  the  water 
at  different  points,  meet.  The  height  of  the  combined 
w^ave  is  the  sum  of  the  heights  of  the  separate  waves. 
The  principle  of  superposition  is  one  that  holds  by 
virtue  of  an  inner  mathematical  necessity  rather  than 
an  independent  physical  principle. 
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Hence  the  mechanical  and  gravitational  laws  of  inter- 
action are  determined,  once  the  Newtonian  framework 
of  space  and  absolute  time  is  accepted,  and  the  full 
relativity  of  that  framework  is  insisted  upon.  The 
logical  incompleteness  in  the  preceding  development 
of  this  fact  is  by  no  means  to  be  ignored,  but  the  fact 
itself  seems  undeniable. 

One  limitation  in  that  theory  arises  from  the  cir- 
cumstance that  it  takes  no  adequate  account  of  the 
finiteness  of  the  velocity  of  light.  Accordingly,  any 
inaccuracy  in  the  law  of  gravitation  obtained  is  likely  to 
manifest  itself  when  the  relative  velocities  are  high.  In 
particular,  it  would  be  expected  that,  of  all  the  planets. 
Mercury  would  deviate  most  from  its  predicted  orbit, 
for  it  moves  with  the  highest  velocity  of  any  planet 
under  the  solar  attraction.  Such  a  deviation  has  been 
observed. 

Furthermore,  w^hen  this  framework  is  adopted,  it  is 
not  possible  to  maintain  the  same  degree  of  spatial 
relativity  in  dealing  with  electricity  and  magnetism. 
This  is  also  to  be  anticipated,  since  light  is  electro- 
magnetic, and  the  disregard  of  its  velocity  is  particu- 
larly improper  from  the  electromagnetic  point  of  view. 
It  thus  becomes  necessary  to  adopt  the  absolute  space 
or  ether  of  Faraday  and  Maxwell. 

The  diagrammatic  circle  of  relativity  may  be  used 
to  illustrate  the  considerations  adduced  above.  Con- 
sider the  circle  with  the  infinitely  many  symmetric 
reference  lines  through  its  center,  representing  the 
relativity  which  is  present  at  the  outset  in  the  New- 
tonian framework,     Suppose  that  a  point  in  the  plane 
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of  the  circle  is  to  be  specified  in  such  wise  that  the 
symmetry  is  not  lost.  The  point  must  necessarily  be 
the  center.  Or  suppose  that  another  circle  is  to  be 
specified  under  a  similar  condition.  It  must  have  the 
same  center  as  the  first  circle.  On  the  other  hand,  if 
it  is  demanded  that  a  line  be  laid  down,  the  symmetry 
is  necessarily  destroyed.  The  mechanical  and  gravi- 
tational laws  are  analogous  to  the  point  and  circle  to 
be  determined.  The  fact  that  these  laws  are  in  accord 
with  the  principle  of  relativity  indicates  the  basic  im- 
portance of  that  principle.  On  the  other  hand,  the 
laws  of  electromagnetism  are  inconsistent  w^ith  the  prin- 
ciple, and  so  are  akin  to  the  straight  line. 

If  the  preceding  analysis  is  correct,  the  heuristic 
value  of  the  principle  of  relativity  for  classical  physics 
can  scarcely  be  overestimated.  With  it  the  form  of  the 
laws  of  mechanics  and  gravitation  seem  predetermined 
while  without  it  these  appear  to  be  given  at  random. 
The  laws  of  electricity  and  magnetism  are  not  so  pre- 
determined, however,  in  that  theory. 

In  passing  to  the  special  theory  of  relativity  invented 
by  Einstein  in  1905,  we  begin  with  a  more  adequate 
analysis  of  space,  time,  and  light,  and  obtain  a  corre- 
sponding framework.  Any  undisturbed  particle  defines 
a  particular  space  and  time,  relative  to  itself,  in  which 
interacting  matter  is  taken  to  be  present.  When  it  is 
required  that  the  new,  spatio-temporal  type  of  rela- 
tivity of  the  special  model  be  strictly  preserved,  a  very 
interesting  situation  results.  The  laws  of  contact  ac- 
tion of  elastic  bodies  can  be  determined  by  means  like 
those  available  in  the  Newtonian  case.     Slightly  modi- 
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fied  principles  of  conservation  of  mass  and  energy,  and 
momentum  are  obtained,  in  such  wise  that  the  theory 
agrees  with  the  known  facts  of  mechanics  at  the  veloci- 
ties found  in  nature. 

The  account  given  of  the  electromagnetic  theory  in 
empty  space  becomes  extraordinarily  symmetric  with 
this  type  of  relativity.  The  theory  may  be  approached 
very  readily  by  means  of  a  few  broad  qualitative 
assumptions  and  by  use  of  the  principle  of  spatio- 
temporal  relativity.  The  symmetry  between  space  and 
time  is  so  complete  that  one  is  justified  in  writing 
down  the  correct  dimensional  equation 

186,300  miles  =  V  —  1  seconds. 

The  meaning  of  such  a  mystical  equation  cannot  be 
elaborated  here :  it  indicates  a  formal  symmetry  be- 
tween the  properties  of  space  and  of  time.  This  pecu- 
liar kind  of  sj^mmetry  is  found  throughout  the  theory. 

If  now  we  proceed  to  consider  the  interaction  of 
bodies  at  a  distance,  it  appears  that,  in  the  case  of 
sparsely  distributed  matter  at  rest  in  some  space,  the 
law  must  be  of  the  Newtonian  type  for  the  very  reasons 
advanced  before.  An  appropriate  extension  to  the 
case  of  matter  in  relative  motion  may  be  obtained  by 
the  so-called  principle  of  the  permanence  of  mathe- 
matical form.  In  applying  this  principle,  the  simplest 
law  is  sought  which  is  consistent  with  the  principle  of 
relativity  and  which  reduces  to  that  of  Newton  for  such 
a  static  distribution  of  matter. 

Any  beginner  in  algebra  who  knows  that  a^  stands 
for  a,  a^  for  a  times  a,  a^  for  a^  times  a,  etc.,  sees  that  a 
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law  of  combination  by  addition  of  exponents  holds,  so 
that  a^  times  a^  equals  a^,  for  instance.  If  asked  how 
to  interpret  a\  he  observes  that  by  the  same  law  of 
combination  a-  times  a-  ought  to  be  a^  or  a.  Hence  he 
infers  by  the  principle  of  permanence  of  mathematical 
form  that  a*  ought  to  stand  for  the  square  root  of  a. 
This  principle  has  been  found  of  the  greatest  value  for 
heuristic  purposes,  and  can  be  extended  remarkably. 

It  is  an  easy  matter  to  set  down  the  complete 
equations  involved,  so  that  even  the  non-mathemat- 
ical reader  who  does  not  know  the  simple  language  of 
the  calculus  can  see  the  high  formal  parallelism  be- 
tween the  classical  theory  and  that  here  proposed.  To 
achieve  simplicity,  only  free  matter  will  be  considered 
to  be  present. 

In  the  classical  theory  there  is  given  first  and  fore- 
most the  so-called  potential  equation, 

dx"       dy^       dz'  ^ 

Here  x,  y,  z  are  the  space  coordinates  of  a  particle,  p  is 
the  density  of  matter,  and  g  is  the  gravitational  poten- 
tial function.  This  equation  is  consistent  of  course 
with  the  mechanical  relativity  of  Newton.  In  fact 
the  linear  differential  operator  which  appears  on  the 
left-hand  side  of  the  equation  is  the  only  one  possessing 
this  property. 

In  the  special  theory  of  relativity  this  is  naturally 
replaced  by 
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t  denoting  the  time,  since  the  hnear  differential  operator 

of  the  second  order  which  now  appears  on  the  left  is 

the  only  one  consistent  with  the  optical  relativity  of 

Einstein. 

There  are  two  further  conditions   in    the    classical 

theory,  one  expressing  the  conservation  of  mass,  and 

the  other  that  the  acceleration  of  every  particle  is  in 

the  direction  of  the   gravitational   force.     These   are 

respectively 

dp 

dt 
and 

du  _  dg        dv  _  dg        dm  _  dg 

dt   ~  dx        dt  ~  dij         dt  ~  dz' 


.         (du    .     dv     ,     dw\         r. 
\dX         dy         dZ  J 


provided  that  t,  x,  y,  z  are  the  coordinates  relative  to  an 
idealized  particle  moving  uniformly  with  the  actual 
particle  at  the  instant,  while  u,  v,  w  are  the  velocity 
components  in  these  coordinates.  It  would  be  possible 
to  adhere  to  these  same  equations  in  the  special  theory, 
with  t,  X,  y,  z  similarly  defined,  and  a  complete  theory 
would  be  thereby  determined.  However  the  slightly 
modified  form 

dv     .     dw\  da 

dZ  )  dt 

du  _  dg  dv  _  d£  dW  _  dg 

~di  ~  dx'        dt  ~  "dy         dt  ~  dz 

is  superior  in  elegance,  since  all  four  of  these  equations 
can  be  embodied  in  a  single  tensor  equation.  This  is 
a  decisive  advantage,  so  that  we  can  accept  these  as 
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the  proper  form  which  the  theory  may  be  expected  to 
take. 

In  this  way  a  very  compact  and  elegant  extension 
of  the  special  theory  of  relativity  arises,  w^hich  takes 
account  of  gravitational  as  well  as  electromagnetic 
and  mechanical  phenomena.  Unfortunately  the  law 
of  gravitation  so  obtained  will  not  account  for  the 
known  slight  anomaly  in  the  motion  of  the  planet  Mer- 
cury. Furthermore,  it  possesses  a  disadvantage,  in 
common  with  the  Newtonian  theory,  of  beginning 
with  the  straight  line  as  the  path  of  a  particle,  and  then 
later  supplying  forces  to  account  for  the  discrepancy 
caused  by  gravitation. 

The  qualitative  explanation  of  gravitation,  as  far  as 
it  has  been  attempted  here,  indicates  that  the  essential 
element  in  any  new  approach  is  likely  to  lie  in  the  use 
of  a  better  spatio-temporal  framework.  Concerning 
an}^  available  framework  a  good  deal  may  be  said  in 
advance.  In  particular,  if  it  is  desired  to  retain  any- 
thing of  the  older  theories,  it  will  certainly  be  neces- 
sary to  hold  to  the  notion  that  the  totality  of  physical 
events  corresponds  to  a  '^  four-dimensional  space-time 
continuum."  This  statement  only  means  that  events 
can  be  specified  by  means  of  three  space  numbers  and 
one  time  number. 

It  was  the  mathematician  Minkowski  who  pointed 
out  in  1908  that,  in  its  aspect  of  mathematical  form, 
the  space-time  continuum  of  the  special  theory  of  rela- 
tivity is  highly  analogous  to  ordinary  space ;  in  fact 
it  is  ordinary  space  (in  the  same  mathematical  sense 
as  that  in  which  the  mystical  equation  written  above 
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holds)  except  that  an  additional  dimension  is  present. 
The  events  are  the  points,  the  collections  of  events  at 
a  single  particle,  called  world  lines,  are  the  straight 
lines,  the  local  time  elapsed  between  two  events  at  a 
particle  is  the  distance  between  them,  and  the  space 
appertaining  to  a  particle  at  any  instant  of  its  time  is 
a  three-dimensional  ^'  plane  "  perpendicular  to  its 
world  line. 

Now,  in  a  sense  to  be  explained  in  a  moment,  ordi- 
nary space  is  a  continuum  without  curvature. 

It  is  natural  to  ask  in  consequence  :  Cannot  the  frame- 
work of  space-time  be  made  more  flexible  so  as  to  corre- 
spond to  a  continuum  with  curvature  f  The  question  may 
be  restated  as  follows  :  Cannot  a  space-time  framework  be 
used  ivhich  bears  to  the  framework  of  the  special  theory  of 
relativity  the  same  general  kind  of  relation  as  a  curved  sur- 
face does  to  a  plane  f  It  is  clear  that  this  involves  a 
necessary  requirement  that  each  small  part  of  the  new 
space-time  is  like  the  space-time  of  the  special  theory  in 
the  same  sense  as  a  small  piece  of  a  curved  surface  is 
like  a  plane.  There  seems  to  be  little  doubt  that  Ein- 
stein's general  theory  of  1915  took  its  origin  in  some 
such  line  of  thought  as  that  just  indicated. 

A  more  physical  statement  of  the  central  idea  of  the 
new  theory  may  be  formulated  as  follows.  Consider 
an  elevator  cage  dropping  freely  toward  the  earth. 
The  effect  of  the  gravitational  force  of  the  earth  appears 
thereby  completely  done  away  with.  For  example, 
a  ball  thrown  in  the  cage  will  describe  a  straight  line 
relative  to  it,  just  as  if  the  cage  were  in  empty  space 
remote  from  matter.     This  fact  suggests  strongly  that 
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the  space  and  time  of  any  one  small  reference  particle 
in  empty  space  are  the  same  as  of  any  other  in  physical 
properties,  and  that  these  properties  have  no  explicit 
reference  to  gravitation.  From  such  a  point  of  view, 
gravitational  effects  arise  because  of  the  fact  that  every 
part  of  a  body  tends  to  follow  a  natural  path,  except 
as  it  comes  into  juxtaposition  with  other  parts  of  the 
body. 

The  meaning  of  this  interpretation  may  be  made  more 
apparent  in  another  illustration.  Consider  a  fly  on  a 
horizontal  merry-go-round.  The  merry-go-round  will 
have  the  same  physiological  effect  on  the  fly  as  if  its 
plane  were  stationary  and  inclined  to  the  horizontal,  the 
inclination  being  dependent  upon  distance  from  the 
center,  and  increasing  with  the  distance.  In  this  way 
a  pseudo-gravitational  effect  is  produced  by  the  conflict 
between  the  natural  motion  of  the  merry-go-round 
and  the  natural  motion  of  the  fly. 

It  is  evident  that  the  relativity  of  physical  proper- 
ties to  the  particular  particle  in  empty  space  cannot 
be  complete.  For  example,  in  the  dropping  elevator 
cage  a  magnetic  needle  will  still  point  toward  the  north. 
Einstein  requires  relativity  to  hold  to  the  extent  that 
measurements  with  a  small  clock  and  measuring  stick 
can  be  properly  made.  In  other  words,  he  assumes 
that  the  familiar  relations  between  space,  time,  and 
light  hold  at  every  small  particle  in  empty  space. 

The  new  spatio-temporal  framework  is  by  no  means 
completely  determined  by  the  single  requirement  that 
it  is  comparable  to  a  spatial  continuum.  Each  little 
part  of  it  may  be  like  the  space-time  of  the  special 
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theory,  in  the  same  sense  that  a  piece  of  a  curved  sur- 
face is  Hke  a  plane,  and  yet  a  great  deal  of  arbitrary 
adjustment  is  still  possible.  To  effect  the  determina- 
tion of  the  space-time  continuum,  it  is  necessary  to  dis- 
cuss its  intrinsic  properties  which,  like  those  of  any 
surface,  hinge  upon  the  important  but  technical  con- 
cept of  ^'curvature." 

Consider  the  geometry  of  the  plane.  It  may  be 
developed  independently  of  the  fact  that  the  plane 
is  a  part  of  three-dimensional  space.  For  example,  a 
straight  line  might  be  defined  as  the  shortest  path  in  it. 
If  this  kind  of  approach  is  made,  a  conical  surface  can 
be  treated  in  exactly  the  same  way  as  a  plane,  for  it 
has  precisely  the  same  internal  properties  as  a  plane. 
To  demonstrate  the  fact,  it  is  only  necessary  to  unroll 
the  conical  surface  upon  the  plane.  The  geometry 
obtained  indicates  that  the  plane  is  similar  to  itself  in 
all  its  parts,  to  the  extent  that,  if  distances  are  reduced 
by  half,  the  plane  has  the  same  properties  as  before. 

Now  consider  the  geometry  of  the  surface  of  the 
sphere  in  a  similar  spirit.  The  shortest  line  between 
two  points  is  an  arc  of  a  great  circle  on  the  sphere. 
Furthermore,  all  parts  of  the  sphere  are  alike  just  as 
all  parts  of  the  plane  are.  Angles  have  the  same 
significance  as  in  the  plane. 

Nevertheless,  there  is  a  characteristic  difference,  for 
the  sphere  is  not  similar  to  itself ;  for  instance,  if  the 
sphere  is  doubled  in  radius,  the  surface  of  the  new 
sphere  cannot  be  fitted  upon  the  old  one  without 
distortion  of  distances.  The  curvature  of  the  sphere 
is  measured  by  the  extent  to  which  the  property  of 
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similarity  of  figures  fails  to  hold ;    the  plane  has  no 
curvature,  and  is  thus  flat,  from  this  point  of  view. 

If  we  consider  any  other  arbitrary  surface,  like  an 
ellipsoid,  it  will  depart  from  similarity  to  itself  at  each 
point  by  an  extent  measured  by  the  curvature.  This 
curvature  has  nothing  to  do  with  the  ellipsoid  thought 
of  as  situated  in  three-dimensional  space,  but  is  a 
quantity  fixed  by  the  internal  properties  of  the  surface. 
In  the  same  way  the  curvature  of  a  spatial  contin- 
uum of  more  than  two  dimensions  can  be  defined  by 
its  internal  properties. 

Einstein  requires  that  space-time  be  as  flat  as  possible 
away  from  matter  without  degenerating  into  the  flat 
space-time  characteristic  of  his  special  theory.  This 
is  entirely  akin  to  the  requirement  that  an  ordinary 
surface  not  a  plane  should  contain  as  many  straight 

lines  as  possible. 
The  solution  of  this 
more  elementary 
problem  is  indicated 
in  the  figure  shown 
herewith.  Likewise 
Pj^  jg  ^"^— ^       j^g    requires    space- 

time  to  have  curva- 
ture where  matter  is.  It  turns  out  that  space-time  is 
satisfactorily  prescribed  by  means  of  these  two  require- 
ments. 

Gravitational  phenomena  are  now  explicable  as  the 
inevitable  result  of  this  curvature.  More  concretely, 
the  fact  that  two  bodies  in  empty  space  tend  to  ap- 
proach one  another  is  comparable  to  the  fact  that  any 
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two  great  circles  on  a  spherical  surface  will  intersect 
one  another.  The  new  general  theory  obtained  ex- 
plains even  the  anomalous  gravitational  behavior  of 
the  planet  Mercury,  and  has  been  widely  accepted  on 
the  basis  of  this  and  other  experimental  evidence. 

It  is  very  important  to  understand  the  essential 
modification  which  the  principle  of  relativity  under- 
goes in  its  extension  to  the  highly  fluidic  space-time  of 
general  relativity.  The  space  and  time  of  a  particle 
in  empty  space  near  matter  are  required  to  possess 
very  nearly  the  same  physical  properties  as  of  a  particle 
remote  from  matter,  so  that,  in  particular,  gravitational 
phenomena  relatively  to  the  particle  are  absent.  It 
cannot  be  and  is  not  demanded  that  these  properties 
should  be  exactly  the  same.  However,  if  the  units  of 
space  and  time  selected  are  very  small  and  are  dimin- 
ished in  the  same  ratio,  so  that  very  rapidly  running 
clocks  and  very  small  measuring  sticks  are  used,  a  Lilli- 
putian universe  results.  In  this  universe  gravitational 
phenomena  disappear,  and  the  laws  of  space,  time, 
matter,  and  electricity  will  be  those  of  the  special  theory 
of  relativity  already  considered,  and  the  same  for 
every  reference  particle. 

The  spatio-temporal  system  of  any  particle  becomes 
of  less  and  less  consequence  for  more  and  more  remote 
events.  For  this  reason,  if  a  well-balanced  view  of 
the  physical  universe  is  sought,  it  does  not  appear 
desirable  to  regard  these  individual  spatio-temporal 
reference  systems  as  of  unusual  importance.  In  other 
words,  the  selection  of  a  reference  system  becomes  to  a 
large  degree  arbitrary. 
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It  is  in  this  fluidic  property  of  the  general  theory 
that  its  difficulty  resides.  Near  any  particular  event 
in  space  and  time,  experiments  may  be  carried  out  with 
security  at  any  small  freely  moving  body ;  local  dis- 
tances, lapses  of  time,  densities,  pressures,  tempera- 
tures, etc.,  may  be  treated  by  the  usual  methods, 
applied  as  if  the  body  were  at  rest.  The  general  laws 
of  each  microcosmic  part  will  be  those  of  the  special 
theory,  and  yet  there  will  be  a  slight  macrocosmic 
deviation,  caused  by  the  presence  of  matter  and  the 
resultant  curvature  of  the  four-dimensional  space-time 
continuum.  Gravitational  phenomena  appear  as  only 
the  direct  manifestation  of  this  curvature. 

It  is  extremely  natural  from  a  philosophic  point  of 
view  to  require  matter  to  condition  space-time,  for  the 
physical  determination  of  space  and  time  is  always 
through  the  intervention  of  matter. 

A  still  more  fluidic  framework  of  space  and  time, 
based  on  the  notion  of  ''  affine  connection,"  has  been 
introduced  by  Weyl,  and  developed  much  further  as 
the  '^  geometry  of  paths  "  by  Eisenhart  and  Veblen. 
Recently  it  has  formed  the  principal  basis  of  attempts 
at  even  more  complete  unification  of  physical  law  by 
Eddington,  Weyl,  and  Einstein. 

The  general  relativity  of  Einstein  is  connected  with 
his  special  optical  relativity,  the  mechanical  relativity 
of  Newton,  and  the  geometric  relativity  of  Euclid  in  a 
very  interesting  way. 

Suppose  that  we  consider  the  general  theory  when 
matter  is  very  sparsely  distributed.  Then  the  frame- 
work reduces  to  that  of  empty  interstellar  space,  and 
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the  small  gravitational  effects  noted  will  be  those 
appropriate  to  the  special  theory,  or  will  be  negligible. 
The  principles  of  optical  relativity  will  hold. 

Now  suppose,  furthermore,  that  matter  and  elec- 
tricity are  moving  with  such  low  relative  velocities 
that  the  velocity  of  light  may  be  taken  as  infinite  by 
comparison.  Then,  according  to  the  general  theory, 
electromagnetic  phenomena  disappear,  and  the  regime 
of  the  mechanical  relativity  of  New^ton  sets  in,  and  his 
law  of  gravitation  will  be  valid. 

If  also  the  rotational  velocities  and  internal  pressures 
are  so  small  that  to  all  intents  and  purposes  material 
bodies  are  continually  in  undisturbed  motion,  the 
geometric  relativity  of  Euclid  holds. 

The  mathematical  working  out  of  the  new  theory  is 
not  a  simple  affair,  despite  the  simplicity  and  unity  of 
the  fundamental  point  of  view  which  has  led  to  it. 

This  is  not  at  all  different  from  the  circumstances 
attending  previous  theories  in  classical  physics,  for 
example,  the  theory  of  elasticity.  Thus,  ordinarily  the 
tuning  fork  is  considered  to  be  a  rigid  body.  It  is  only 
in  this  way  that  it  is  visualized  with  any  success.  How- 
ever, the  very  property  which  makes  it  a  useful  instru- 
ment is  that,  when  struck  sharply,  it  will  vibrate  and 
communicate  its  elastic  vibrations  to  the  air,  and 
thence  to  the  eardrums,  and  excite  the  sensation  of  a 
musical  sound  of  definite  pitch.  The  manner  in  which 
it  vibrates  is  exceedingly  complicated,  and  varies 
according  to  the  way  in  which  it  is  struck,  although 
experiment  shows  that  the  pitch  of  the  fundamental 
note  is  not  thereby  perceptibly  altered.     The  determi- 
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nation  of  the  exact  mode  of  vibration  of  its  several 
parts  has  never  been  made.  Although  theoretically 
possible  by  means  of  sufficiently  extensive  computation, 
provided  the  tuning  fork  is  idealized  as  a  so-called 
perfectly  elastic  body,  yet  it  is  to  all  intents  and  pur- 
poses impossible  of  accomplishment.  It  is  not  even 
possible  to  explain  its  general  behavior  save  by  elaborate 
theoretical  considerations,  nor  to  specify  the  funda- 
mental note  in  advance  by  any  formula. 

And,  if  it  were  desired  to  deal  directly  with  the 
assemblage  of  atoms  and  electric  charges  constituting 
it,  the  vibrational  properties  would  appear  as  average 
effects  of  enormously  complicated  interactions  of  very 
large  numbers  of  elements.  Hence,  even  here,  the 
reality  is  found  to  be  so  complicated  as  to  be  beyond 
the  power  of  man  to  conceive  adequately. 

Simplicity  and  unity  in  the  fundamental  processes 
and  yet  an  infinite  complexity  in  their  combinations 
seem  more  and  more  to  be  clearly  manifested  in  nature. 

Is  the  Einstein  synthesis  in  any  sense  ultimate? 
That  may  be  held  to  be  exceedingly  doubtful.  The 
special  model  of  interstellar  space  empty  save  for  point 
particles,  with  which  Einstein  begins,  is  not  a  correct 
one,  since  there  do  not  appear  to  exist  point  particles 
but  merely  smallest  elements,  called  atomic  nuclei  and 
electrons.  Without  a  true  model  as  a  starting  point, 
it  does  not  seem  likely  that  a  final  conception  of  the 
physical  world  can  be  arrived  at  by  a  process  of  gen- 
eralization. The  advances  in  recent  years  in  the  do- 
main of  physics  indicate  that  we  are  just  beginning  to 
discover  the  laws  of  the  atom.     In  fact,  we  have  been 
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compelled  to  proceed  from  the  evidence  of  our  senses, 
and  thus  have  observed  laws  which  are  the  statistical 
effect  of  inconceivably  numerous  elementary  processes 
hitherto  beyond  our  ken. 

Einstein's  new  theories  are  a  great  step  in  advance, 
for  they  bring  together  in  a  remarkable  way  the  laws  of 
nature  so  far  obtained.  In  them,  gravitation  appears 
as  the  law  of  macrocosmic  interconnection,  caused 
through  curvature  of  space-time  by  matter,  while  the 
spatio-temporal  relativity  of  non-gravitational  laws  is 
maintained  in  the  microcosmic  domain. 


CHAPTER  IV 

THE  EXPERIMENTAL  TESTS  OF  RELATIVITY 

Thus  far  we  have  restricted  attention  almost  entirely 
to  the  theoretical  aspect  of  relativity  in  order  to  explain 
it  in  precise  but  general  terms.  It  is  now  desirable  for 
us  to  consider  briefly  how  that  theory  has  been  experi- 
mentally tested. 

It  would  be  impossible  to  limit  speculation  about 
physical  laws  by  the  demand  that  a  theory  must  apply 
in  all  respects.  The  vortex  theory  of  the  atom  has 
always  been  considered  to  be  of  great  interest,  although 
never  applied  successfully.  A  theory  of  major  impor- 
tance will  have  many  applications,  of  course,  and  may 
suggest  the  way  to  new  discoveries.  Thus  the  New- 
tonian formulation  of  gravitational  law  led  to  the  dis- 
covery of  the  planet  Neptune  through  the  observed 
irregularities  in  the  motion  of  Uranus. 

The  theories  of  relativity  are  unquestionably  of  very 
high  speculative  interest.  The  extent  to  which  they 
will  be  found  in  harmony  with  nature  is  not  yet  fully 
disclosed.  If  a  just  estimate  of  them  is  desired,  it  is 
necessary  to  adopt  the  spirit  of  impartial  inquiry  in 
dealing  with  the  relevant  experimental  facts.  In  this 
critical  spirit  it  may  be  asked  whether  or  not  there  is 
some  common  ground  which  furnishes  a  satisfactory 
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basis  for  consideration  of  the  questions  at  issue.  It  has 
been  pointed  out  previously  that  there  is  an  extensive 
basis  of  this  kind. 

In  the  first  place,  it  is  agreed  that  the  measurement 
of  time  by  more  or  less  arbitrary  means  is  possible,  so 
that  events  can  be  classified  by  means  of  their  time  of 
happening,  while  the  events  happening  at  a  particular 
time  can  be  spatially  classified  in  various  ways,  this  last 
classification  requiring  three  space  measurements. 
An  event,  such  as  the  collision  of  two  atoms,  is  the 
elemental  physical  reality  specified  by  these  four  meas- 
urements, and  the  totality  of  events  constitutes  the  sub- 
stratum of  the  physical  universe  now  called  space-time. 

Furthermore,  it  is  granted  that  material  objects  can 
be  identified,  and  followed  in  time.  Any  such  object 
occupies  a  definite  part  of  space  at  any  time.  It  is 
assumed  that  there  is  the  possibility  of  continuing  this 
process  of  identification  of  objects  down  to  the  point 
particle. 

Solids,  liquids,  and  gases  may  be  subdivided.  How- 
ever, chemists,  in  their  consideration  of  the  various 
kinds  of  matter,  have  been  led  to  the  conclusion  that 
they  were  made  up  of  indivisible  atoms  of  a  definite 
type  for  each  chemical  element.  This  conception  has 
proved  of  great  simplifying  power.  More  recent  ad- 
vances make  it  plain  that  electricity  also  is  atomic. 
Magnetism  is  held  to  be  merely  an  effect  of  electricity 
in  circulatory  motion.  These  elementary  units  of 
matter  and  electricity  have  spatial  extension.  Besides 
these,  there  is  only  space-time  free  from  matter  and 
electricity. 
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Let  us  turn  now  to  the  consideration  of  nearly  empty 
space-time  and  review  the  generally  accepted  facts 
briefly.  For  the  moment  let  us  adopt  the  notion  that 
a  clock  is  available  at  each  particle  to  measure  the  lapse 
of  time  there,  and  that  light  disturbances  can  be  ob- 
served which  originate  at  other  similar  particles.  If  it 
is  assumed  that  such  a  space-time  is  alike  in  all  its  parts, 
it  follows  conclusively  that  with  any  such  particle  may 
be  correlated  an  optical  system  of  space  and  time,  with 
reference  to  which  all  other  particles  will  travel  at  a 
constant  velocity  in  a  straight  line,  while  light  travels 
with  one  and  the  same  velocity  under  all  circumstances.^ 
The  conviction  that  space-time,  remote  from  material 
bodies,  is  homogeneous  and  of  one  nature  throughout, 
has  the  same  reasonableness  as  the  conviction  that  all 
parts  of  a  plane  are  alike.  The  experimental  method 
of  spatio-temporal  measurement  employed  may  be 
based  upon  a  process  of  light-signaling  between  three 
particles  relatively  at  rest,  and  the  use  of  a  clock  at 
one  of  them.  The  space  obtained  by  such  methods 
will  be  Euclidean.  Here  is  a  considerable  basis  of  facts 
about  which  there  is  no  dispute. 

In  the  spaces  and  times  attached  to  small  particles 
in  empty  space-time,  there  may  happen  to  exist  a 
unique  one  of  simplest  type  from  a  physical  point  of 
view.  This  will  be  the  space  and  time  of  a  set  of  par- 
ticles at  rest.  It  will  then  be  legitimate  to  call  such 
a  space  and  time  absolute,  and  so  we  arrive  at  classical 
physics.  The  only  alternative  is  that  all  the  spaces 
and  times  are  on  exactly  one  and  the  same  physical 

^  This  is  true  because  the  light-second  is  defined  as  the  unit  of  distance. 
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footing.  This  hypothesis  yields  the  special  theory  of 
relativity.     \^niich  of  these  alternatives  really  holds? 

The  understanding  of  the  situation  turns  upon  the 
highly  difficult  and  interesting  concept  of  the  clock. 
The  ordinary  pendulum  clock  itself  does  not  conform 
to  what  is  meant ;  such  a  pendulum  clock  and  the  earth 
together  more  nearly  constitute  a  clock  in  the  technical 
sense.  This  particular  type  of  gravitational  clock  would 
have  to  be  of  small  dimensions  for  purposes  of  exact 
temporal  measurement  in  nearly  empty  space-time.  A 
pocket  watch  would  be  more  nearly  a  clock  of  the 
desired  type.  Even  for  this  elastic  clock,  uniform 
conditions  of  operation  would  be  essential.  There 
would  be  required  constant  pressure  and  temperature, 
and  freedom  from  gravitational,  electric,  magnetic,  or 
rotational  stress.  A  body  like  the  earth  in  rotation 
furnishes  a  type  of  rotational  clock.  In  fact,  as  soon 
as  phenomena  are  regarded  from  the  proper  point  of 
view,  it  appears  that  more  or  less  exact  clocks  are 
omnipresent  in  nature. 

Now  the  statement  that  the  universe  of  events  is 
four-dimensional  has  no  real  meaning  unless  it  is  possi- 
ble to  identif}^  events  of  a  specific  type  T  exactly.  It 
has  been  assumed  that  particles  are  identifiable.  The 
events  at  a  particle  are  evidently  arranged  in  a  time 
order.  Now  if  two  events  A  and  B  of  the  particular 
type  T  happen  at  a  particle,  an  interval  between  the 
two  events  is  set  off.  An  indefinite  recurrence  of  such 
events  measures  the  time  order  at  this  particle,  and 
similarly  at  other  particles,  and  thus  the  comparison 
of  time  intervals  elapsing  at  different  particles  becomes 
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possible.  In  other  words,  such  a  sequence  as  A,  B 
functions  as  a  clock  of  type  T.  Thus  it  seems  clear 
that  the  mere  possibility  of  spatio-temporal  measure- 
ment involves  something  of  the  notion  of  the  clock  at 
any  particle. 

However,  in  both  the  old  and  new  theories,  the 
physical  reality  of  the  interval  of  local  time  is  conceded. 
Hence  it  is  clear  that  there  must  exist  appropriate  ideal 
types  of  local  clocks  with  which  this  quantity  can  be 
measured.  Of  course  the  ideal  clocks  used  must  run 
at  the  same  rate  when  together,  and  even  when  rela- 
tively at  rest.  There  will  then  be  physical  significance 
in  the  relations  between  the  spaces  and  time  of  various 
particles. 

If  two  such  clocks  are  separated  and  later  brought 
into  coincidence,  it  does  not  follow  that  the  same  length 
of  time  has  necessarily  elapsed  on  both  clocks.  To 
assume  the  contrary  is  to  require  the  existence  of  abso- 
lute time. 

When  there  is  more  than  one  kind  of  clock,  as  M  and 
N,  so  that  if  a  clock  M  has  the  same  rate  as  N  at  one 
particle,  it  need  not  have  when  brought  again  into  coin- 
cidence with  N  at  some  other  particle  in  relative  mo- 
tion with  respect  to  the  first,  then  a  difficulty  arises  as 
to  whether  M  or  iV  is  the  selected  ideal  type  of  clock. 
Thus,  a  vibrating  sodium  atom  may  be  called  a  clock 
M ;  an  oscillating  spring  may  be  taken  as  a  clock  N. 
If  the  interrelations  of  the  various  spaces  and  times 
are  to  have  genuine  physical  significance,  it  is  impossible 
to  evade  the  demand  that  these  and  other  kinds  of 
clocks  shall   keep  the  same   time   at  every  particle, 
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unless  one  selects  arbitrarily  a  particular  kind  of  clock  as 
ideal. 

If  there  is  a  unique  physical  reaUty,  corresponding  to 
our  naive  feeUng  of  duration  at  any  particle  in  empty 
space,  it  is  reasonable  to  suppose  that  all  clocks  will 
measure  that  duration.  Nevertheless,  the  classical 
physics  of  Newton  and  Faraday  has  more  than  one 
type  of  clock.  Thus  an  oscillating  spring  yields  an 
elastic  clock  in  the  meaning  of  our  definition.  Like- 
wise, a  pair  of  mirrors  mounted  at  the  ends  of  a  rod, 
between  which  light  is  flashing  back  and  forth,  forms  a 
"  light  clock."  Either  of  these  possesses  the  funda- 
mental properties  required.  Now  will  these  two 
clocks  keep  the  same  time  ?  The  answer  is  in  the  nega- 
tive, since,  according  to  the  formulation  of  the  laws  of 
motion,  only  the  elastic  clock  will  measure  real  intervals 
of  time,  while  the  light  clock  will  go  more  slowly  with 
respect  to  the  elastic  clock,  the  larger  its  absolute  ve- 
locity. But  why  should  either  be  preferred?  It  is 
difficult  to  find  any  genuine  reason  for  the  choice  made. 

It  will  be  seen  from  this  very  simple  example  that  the 
behavior  of  these  two  types  of  clocks  would  enable  us 
to  single  out  the  absolute  space  of  Newton  and  Fara- 
day ;  it  will  be  that  space  in  which  the  light  clock  at 
rest  runs  most  rapidly  relatively  to  the  elastic  clock  at 
rest.  The  corresponding  time  measurement  can  then 
be  called  absolute  time.  An  absolute  system  of  refer- 
ence is  determined. 

This  is  not  accidental.  When  relativity  does  not 
exist,  all  particles  in  empty  space  are  not  on  a  physical 
parity.     The  distinction  between  them  will  affect  the 
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types  of  clocks  in  various  ways,  and  thus  their  relative 
rates  at  different  particles. 

The  test  of  relativity  is  thus  seen  to  be  that  small 
local  clocks  of  any  type  will  run  at  the  same  rate  when- 
ever and  wherever  brought  together  at  a  particle  in 
empty  space,  provided  that  their  rates  have  once  been 
synchronized  by  proper  choice  of  a  unit  of  time,  say, 
the  second. 

The  test  of  the  alternative  possibility  of  absolute 
time  and  space  is  that  at  least  two  kinds  of  clocks  can 
be  found  in  nature.  These  will  be  related  to  one 
another  as  the  elastic  clock  and  the  light  clock  cited 
above  are  in  the  space  and  time  of  Newton  and  Faraday. 
With  the  phrasing  of  the  distinction  in  such  simple 
terms,  the  immediate  consideration  of  the  facts  is  in 
order. 

Here  a  remark  must  be  interpolated  in  fairness  to  the 
classical  theory.  The  possibility  of  accepting  it  lies  in 
the  fact  that  bodies  found  in  nature  have  a  small  abso- 
lute velocity,  i.e.,  that  the  space  attached  to  the  sun  or 
to  any  star  is  very  nearly  the  absolute  space.  If  this 
were  not  the  case,  the  fact  would  be  revealed  in  various 
ways,  for  example,  by  the  asymmetric  behavior  of  the 
spectra  of  the  stars.  Now  when  absolute  velocities  are 
small,  it  is  not  difficult  to  prove  that  relativity  of  mo- 
tion will  be  simulated  to  a  considerable  extent.  Wit- 
ness the  aberration  of  light  and  the  Doppler  effect,  as 
explained  on  the  old  basis.  These  turn  out  to  depend, 
as  far  as  the  principal  effect  to  be  observed  is  concerned, 
on  the  relative  velocities  only. 

Hence,  when  we  are  dealing  with  bodies  moving  at 
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low  relative  velocities,  it  is  necessary  to  achieve  a  high 
order  of  accuracy  in  any  crucial  experiment.  Since  the 
ratio  of  stellar  velocities  to  the  velocity  of  light  is  of 
the  order  of  one  to  one  thousand,  the  method  will  have 
to  possess  an  accuracy  of  one  part  in  one  million. 
There  are  not  many  experiments  in  which  such  a  degree 
of  accuracy  can  be  obtained,  but  they  are  of  great 
interest. 

The  equations  of  Maxwell  have  always  been  accepted 
as  applicable  to  electromagnetic  waves  in  empty  space- 
time,  where  the  space  and  time  are  obtained  by  ordi- 
nary means  of  measurement.  The  velocity  of  these 
waves  can  be  determined  theoretically  and  experi- 
mentally ;  it  is  independent  of  the  frequency  of  the 
exciting  electric  oscillator,  and  is  the  same  as  the 
velocity  of  light.  This  last  fact,  and  the  very  great 
parallelism  between  the  optical  and  electrical  behavior 
of  the  elements,  extending  to  the  equality  of  corre- 
sponding optical  and  electrical  constants,  indicate 
that  the  light  wave  is  merely  an  electromagnetic  wave 
of  very  high  frequency.  There  must  then  be  some- 
thing in  the  characteristic  atomic  units  from  which 
these  light  waves  are  derived  which  is  of  the  nature  of 
an  oscillator  or  atomic  clock. 

The  wave  character  of  light  is  conclusively  demon- 
strated by  the  phenomenon  of  interference,  according 
to  which  two  beams  of  light  of  the  same  frequency 
may  interfere  to  yield  darkness.  By  this  means  the 
most  exact  measurements  of  length  can  be  made. 

In  the  celebrated  Michelson-Morley  experiment  of 
1887,  a  beam  of  light  was  divided,  sent  along  two  bars 


80  INFLUENCE  OF  RELATIVITY 

and  then  brought  back  to  interference.  If  there  had 
been  any  variation  in  the  relative  rate  of  the  atomic 
clock  from  which  the  beam  of  the  light  came,  and  the 
light  clock  formed  by  the  beam  and  the  bars,  with  the 
varying  velocity  of  the  earth,  there  would  have  resulted 
a  slight  shift  of  the  interference  bands.  One  hun- 
dredth of  the  shift  expected  under  the  classical  theory 
would  have  been  within  the  reach  of  observation,  but 
none  was  found. 

The  meaning  of  the  experiment  is  that  the  light  clock 
and  the  atomic  clock  run  at  the  same  rate.  Another 
way  of  stating  the  meaning  of  the  experiment  is  to  say 
that  the  shape  of  any  undisturbed  body  will  always  be 
the  same  in  the  reference  space  and  time  which  belongs 
to  it,  as  measured  by  light-signaling  and  the  atomic 
clock,  or  by  the  measuring  stick.  From  a  logical  point 
of  view  the  experiment  is  corroborative  but  not  crucial. 

Another  kind  of  clock  can  be  defined  as  follows : 
Consider  a  tube  filled  with  water  and  not  rotating, 
and  a  beam  of  light  which  traverses  the  tube.  It  w^ill 
take  a  certain  interval  of  time  for  the  beam  to  traverse 
the  tube  of  water,  as  measured  in  the  attached  space 
and  time.     This  will  then  yield  a  new  kind  of  clock. 

The  situation  may  be  looked  at  as  follows :  If  there 
is  an  absolute  space,  and  the  tube  is  not  at  rest  in  it, 
then  in  the  space  attached  to  the  tube,  the  absolute 
space  or  ether  will  appear  to  be  moving  through  the 
tube  in  some  particular  direction.  A  beam  of  light 
which  travels  in  the  same  general  direction  as  the  ether 
would  seem  likely  to  have  a  different  velocity  than  when 
sent  out  in  the  opposite  direction,  and  this  difference 
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in  velocity  ought  to  be  measurable,  provided  that  the 
ether  is  in  any  sense  a  medium  as  the  water  is.  In 
other  words,  the  new  kind  of  clock  would  be  expected 
to  yield  a  measure  of  time,  differing  according  to  the 
absolute  velocity  of  the  water. 

Here  again  no  effect  of  the  anticipated  kind  revealed 
itself  under  most  careful  duplication  of  the  Fizeau 
experiment. 

It  is  generally  held  that  the  Michelson-Morley  experi- 
ment takes  a  central  position  in  the  experimental  test- 
ing of  relativity.  Hence,  it  is  of  importance  to  see  how 
it  has  been  interpreted  by  those  who  hold  to  the  old 
theory  of  space  and  time.  The  hypothesis  of  ''ether 
drift"  has  been  advanced  as  an  explanation,  according 
to  which  the  earth  carries  the  ether  in  its  vicinity  along 
with  it.  Since  the  original  experiments  were  carried 
out  in  a  building,  such  a  drift  was  felt  to  be  especially 
likely  to  cause  the  negative  result. 

The  logical  difficulties  involved  in  the  concept  of 
ether  drift  cannot  be  too  strongly  emphasized.  On 
the  previous  theory  the  ether  was  a  particular  absolute 
space  singled  out  by  its  property  that  light  traveled 
in  it  with  the  same  velocity  in  all  directions.  There 
was  now  tacitly  assumed  to  be  some  further  underlying 
reference  frame  —  the  true  space  —  with  no  definite 
physical  properties. 

Nevertheless,  it  was  of  great  interest  to  repeat  the 
experiment,  preferably  upon  a  high  mountain,  as  D.  C. 
Miller  did  at  Mount  Wilson  in  1921.  His  measure- 
ments seemed  to  him  to  indicate  a  shift  in  the  fringes 
of  about  one  fifth  that  required  by  the  classical  theory. 
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A  second  effect,  not  expected  on  any  theory,  was  also 
found.  After  apparent  elimination  of  direct  disturb- 
ances from  ordinary  heating  and  magnetic  action,  these 
two  effects  remained.  However,  the  error  due  to  radiant 
heat  required  further  investigation  and  seemed  hkely  to 
expLain  the  two  indicated  small  shifts  observed. 

Within  a  few  months  Miller  has  announced  that 
extensive  further  experiments  made  by  him  agree  with 
these  earlier  ones.  It  seems  prudent,  however,  to 
withhold  all  opinion  as  to  their  actual  significance 
until  the  observations  are  published  in  detail.  In 
this  connection  the  following  statement  by  H.  N. 
Russell,  one  of  the  three  Research  Associates  of  Mount 
Wilson  Observatory,  may  be  quoted  :*  ^^In  the  present 
case,  in  spite  of  all  the  careful  precautions  taken,  the 
existence  of  such  still-elusive  errors  appears  to  be  more 
probable  in  the  second  set  of  experiments  [i.e.,  those 
by  Miller  at  Mount  Wilson] :  for  the  very  condition 
that  they  be  made  in  as  light  a  housing  as  will  protect 
the  very  delicate  apparatus  from  the  disturbing  in- 
fluence of  differences  of  temperature,  magnetic  forces, 
and  so  forth,  renders  them  more  subject  to  residual 
disturbances  than  the  observations  made  in  an  under- 
ground chamber." 

Most  fortunately,  Michelson  and  Gale  have  recently 
made  a  series  of  experiments  in  which  a  beam  of  light 
was  passed  around  a  rectangular  pipe,  one  mile  in 
length,  from  which  the  air  had  been  exhausted.  On 
the  basis  of  either  the  classical  or  relativistic  theory, 
the  predicted  shift  of  the  interference  fringes  was  .236 

*  Scientific  American,  August,  1925. 
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of  a  fringe,  while  the  observed  shift  was  .230,  and 
agreed  with  that  predicted  within  the  limits  of  experi- 
mental error.  This  effect  was  caused  by  the  earth's 
rotation,  and  would  have  been  very  much  smaller  if 
the  h^^po thesis  of  ether  drift  were  correct. 

^Moreover,  it  is  equally  difficult  to  explain  the  well- 
known  facts  of  the  aberration  of  light  on  this  hypothesis 
of  ether  drift,  although  they  are  entirely  in  harmony 
with  either  the  classical  or  relativistic  theory. 

Some  physicists  and  astronomers,  in  opposing  the 
new  theories,  are  willing  to  accept  the  Lorentz  contrac- 
tion hypothesis  in  the  interpretation  of  the  same  experi- 
ments. This  is  particularly  difficult  to  understand, 
because  Lorentz  accepts  the  theory  of  relativity  as  the 
proper  expression  of  his  own  hypothesis.  The  reason 
for  the  essential  equivalence  was  presented  earlier. 

The  fact  is  that  Einstein  has  provided  the  reasonable 
way  out  of  a  dilemma  in  which  physics  was  placed  by 
various  experiments,  including  those  mentioned  above. 
Without  the  readjustment  of  the  concepts  of  space  and 
time,  to  the  exceedingly  slight  extent  contemplated  in 
the  special  theory,  theoretical  physics  would  be  in  a 
difficult  position  to-day. 

The  electromagnetic  equations  of  Maxwell  have  a 
complete  relativistic  form  to  begin  with,  while  the  equa- 
tions of  classical  mechanics  can  be  modified  slightly 
so  as  to  have  such  a  form.  The  behavior  of  an  electri- 
fied particle  at  velocities  comparable  to  that  of  light 
under  electromagnetic  forces  is  found  experimentally  to 
follow  the  law  thus  obtained.  It  can  be  said  that  the 
known  facts  of  mechanics  and  electromagnetism  are  then 
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adequately  accounted  for.  When  this  is  not  done,  the 
attempt  to  explain  the  facts  seems  to  lead  step  by  step 
to  complete  relativistic  form.  The  obvious  inference  is 
that  the  easiest  manner  in  which  to  grasp  the  physical 
situation  is  to  assume  the  principle  of  relativity  at  the 
outset.  If  we  refuse  to  do  so,  the  difhculties  seem  end- 
less. The  immense  usefulness  of  this  spatio-temporal 
principle  of  relativity  has  been  pointed  out  previously. 

The  argument  of  convenience  thus  becomes  para- 
mount. It  is  the  same  consideration  as  that  which 
established  the  Copernican  theory  as  against  the 
Ptolemaic. 

Moreover,  no  mean  philosophical  importance  at- 
taches to  the  fact  that,  if  absolute  space  and  time  exist, 
then  the  interval  of  local  time  is  devoid  of  a  unique 
physical  meaning.  The  theory  of  relativity  has  the 
unquestionable  superiority  that  for  it  local  time  has 
physical  reality. 

The  notion  that  the  interval  of  local  time  is  a  basic 
reality  may  be  looked  upon  as  the  guiding  principle  of 
the  general  theory  of  relativity  to  whose  experimental 
verification  we  turn  next.  Its  successes  afford  sub- 
stantiation of  an  important  kind  for  the  special  theory. 

The  interval  of  local  time  between  events  at  a  particle 
suggests  the  distance  between  points  of  a  line  to  the 
mathematical  mind.  Minkowski  pointed  out  that  the 
space-time  of  the  special  theory  was  analogous  to  a 
flat  surface.  According  to  the  general  theory  of  rela- 
tivity of  Einstein,  when  matter  is  present  in  large  quan- 
tities the  space-time  is  analogous  to  a  curved  surface. 
It  is  such  a  curvature  which  is  held  to  account  for 
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gravitation.  On  the  basis  of  the  hypotheses  that  the 
well-known  purely  mathematical  measure  of  curva- 
ture indicated  the  density  of  matter  and  energy,  and 
that  empty  space-time  was  as  flat  as  possible,  Einstein 
obtained  a  definite  theory  which  explained  the  observed 
facts  of  gravitation.  The  new  gravitational  law  was 
as  uniquely  determined  as  that  of  Newton.  Conse- 
quently, the  tests  of  the  theory  by  means  of  the  slight 
predicted  differences  may  be  regarded  as  especially 
conclusive.  The  variations  from  the  older  theory  were 
declared  by  Einstein  to  be  within  the  reach  of  observa- 
tion in  three  cases,  all  of  them  depending  upon  the 
large  mass  of  the  sun  as  their  cause. 

Firstly,  there  must  be  a  rotation  of  the  line  of  sym- 
metry of  the  orbits  of  the  planets  in  their  revolution 
around  the  sun,  by  an  amount  in  excess  of  that  de- 
manded by  the  Newtonian  theory.  This  additional 
effect  is  largest  in  the  case  of  the  planet  Mercury. 
Fortunately,  the  angular  advance  of  the  perihelion  of 
Mercury  had  been  measured  with  accuracy.  Before 
the  theory  of  relativity  was  thought  of,  there  had  been 
found  an  advance,  beyond  that  expected  on  the  New- 
tonian basis,  of  about  forty  seconds  a  century.  This 
unexplained  fact  had  been  held  to  be  the  one  real 
difficulty  in  the  way  of  a  complete  success  of  the  New- 
tonian theory  as  applied  to  the  planets. 

The  Einstein  theory  indicated  an  advance  of  the 
right  amount  for  the  perihelion  of  Mercury,  and  ad- 
vances of  the  right  order  of  magnitude  for  the  other 
planets.  These  are  of  minor  importance  compared  to 
that  of  Mercury  in  the  opinion  of  astronomers  generally. 
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When  it  is  borne  in  mind  that,  if  the  advance  had  been 
of  any  other  amount,  it  would  not  have  been  possible 
to  readjust  the  Einstein  theory  to  suit  it,  the  importance 
of  this  verification  is  obvious. 

It  is  possible  to  account  for  the  same  advance  on 
the  old  basis  by  a  suitable  distribution  of  fine  particles 
of  matter  about  the  sun.  The  most  competent  opinion 
is  that  there  is  no  evidence  for  such  matter  in  the 
amount  required. 

The  second  effect  to  which  the  theory  led  had  to  do 
with  a  hitherto  unobserved  phenomenon,  namely,  the 
definite  bending  of  star  light  near  the  sun.  The 
abandoned  corpuscular  theory  of  light  of  Newton  led 
to  the  idea  that  bending  might  occur,  due  to  the  gravi- 
tational attraction  of  the  corpuscles  by  the  sun.  The 
amount  to  be  expected  on  the  Newtonian  basis  is 
eighty-seven  seconds.  Einstein  arrived  at  the  same 
quantitative  result  by  a  different  method  in  1911. 
The  paper  of  1911  was  interesting,  as  the  forerunner  of 
the  paper  on  general  relativity  of  1915.  According  to 
the  general  theory,  the  amount  of  deflection  to  be 
expected  is  nearly  double  that  predicted  on  the  New- 
tonian basis. 

In  order  to  test  the  prediction,  English  astronomers 
made  special  expeditions  to  observe  the  total  solar 
eclipse  of  May  29,  1919,  and  found  evidence  of  a  bend- 
ing of  light  of  about  the  amount  indicated.  The  meas- 
urements require  the  utmost  skill.  The  observations 
agreed  with  the  Einstein  theory  within  the  limits  of 
error  (about  20  per  cent.),  and  were  held  to  constitute 
another  definite  confirmation  of  the  theory.     Never- 


THE  EXPERIMENTAL  TESTS  OF  RELATIVITY     87 

theless,  it  was  extremely  desirable  that  further  observa- 
tions should  be  made  in  order  that  the  results  be  defi- 
nitely established. 

The  first  occasion  for  so  doing  was  furnished  by  the 
solar  eclipse  of  September  21,  1922.  An  American 
expedition  under  the  direction  of  W.  W.  Campbell  was 
successful  in  obtaining  an  excellent  set  of  photographic 
plates.  The  plates  showed  a  radial  displacement  of 
the  star  images  of  the  magnitude  demanded  by  the 
Einstein  theory.  The  mean  value  from  four  plates 
gave  1.72''  as  against  Einstein's  predicted  value  of 
1.74''.  The  probable  error  of  the  plates  was  only  .11". 
This  initial  result  was  in  extraordinary  agreement 
with  the  theory. 

The  notion  has  been  advanced  that  the  gaseous 
matter  which  exists  in  the  neighborhood  of  the  sun 
may  have  caused  refraction  of  the  star  light.  How- 
ever, our  knowledge  of  the  sun's  outer  neighborhood 
is  sufficient  to  indicate  that  this  is  an  insufficient  ex- 
planation, although  it  may  account  for  the  slight  excess 
found  by  Campbell  in  another  subsequent  set  of  meas- 
urements. 

The  third  effect  to  be  expected  according  to  Einstein 
was  a  shift  of  the  solar  spectral  lines  of  any  element 
toward  the  red  end  of  the  spectrum,  as  compared  with  a 
terrestrial  spectrum.  This  is  exceedingly  difficult  to 
detect,  although  the  general  consensus  of  opinion 
among  those  who  have  investigated  it,  has  been  that 
the  shift  toward  the  red  does  exist.  The  latest  an- 
nouncement by  St.  John,  made  on  the  basis  of  new 
knowledge  concerning  the  solar  envelope,  is  favorable 
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to  the  theory.  It  is  ^'  that  three  major  causes  are  at 
work  in  producing  the  regular  differences  between  solar 
and  terrestrial  wave  lengths  and  that  it  is  possible  to 
disentangle  their  effects ;  namely,  the  slowing  of  the 
atomic  clock  in  the  sun  to  the  amount  predicted  by  the 
general  theory  of  relativity,  radial  velocities  of  moderate 
cosmic  magnitudes  and  of  probable  directions,  and 
differential  scattering  in  the  longer  paths  traversed  by 
the  light  coming  from  the  edge  of  the  sun.'' 

Most  fortunately  again,  the  existence  of  this  third 
Einstein  effect  in  the  spectra  of  certain  extraordinarily 
dense  stars  has  been  observed  at  Mount  Wilson.  The 
effect  is  too  large  for  any  uncertainty  and  is  of  the 
magnitude  predicted  by  Eddington. 

All  things  considered,  the  experimental  facts  bear 
out  the  new  theories.  The  results  point  toward  the 
physical  uniqueness  and  reality  of  the  local  interval 
of  time  but  not  of  absolute  time,  the  relativity  of  physi- 
cal law  to  any  undisturbed  particle  in  empty  space, 
with  gravitation  as  merely  the  cosmic  result  of  the 
direct  conditioning  of  space-time  by  the  presence  of 
matter.  These  conclusions  are  of  major  importance 
for  physics. 


CHAPTER  V 

SOME  RELATIVISTIC  PARADOXES  AND  THEIR  EXPLANATION 

In  my  experience,  there  are  a  number  of  paradoxes 
which  need  elucidation  before  the  feehng  that  there  is 
something  fundamentally  wrong  with  the  theory  of 
relativity  is  conquered.  It  is  my  purpose  in  the  present 
chapter  to  try  to  explain  these  as  well  as  possible. 

A  first  and  insuperable  paradox  of  the  new  theories 
is  often  seen  in  their  abandonment  of  absolute  simul- 
taneity; it  is  taken  to  be  self-evident  that  either  two 
events  are  simultaneous  or  one  happens  before  the 
other,  and  it  is  vigorously  contended  that  the  signifi- 
cance of  such  a  statement  has  nothing  to  do  with  the 
particular  method  adopted  for  measuring  time. 

Very  similar  feelings  must  have  been  aroused  when 
the  opinion  that  the  earth  was  round  and  not  flat  was 
first  advanced,  for  everyday  experience  as  well  as 
primitive  cosmogonic  speculation  seemed  to  require 
such  flatness.  In  order  to  remove  the  appearance  of 
paradox  in  the  new  hypothesis,  a  first  step  was  to  ob- 
serve that  ^'  down  "  means  merelv  "  towards  the  earth,'' 
and  need  not  refer  to  a  fixed  direction  in  space,  although 
very  nearly  the  same  direction  for  long  distances. 
Undoubtedly,  a  distinct  mental  effort  was  required  in 
granting  as  much. 

89 
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In  the  same  way,  even  after  the  rehitivist  points  out 
that  simultaneity  obtains  a  genuine  meaning  only  by 
reference  to  some  system  of  time  measurement,  it  is 
not  easy  to  give  up  the  belief  that  simultaneity  is  an 
absolute  affair,  and  that  clocks  everywhere  are  to  be 
adjusted  so  as  to  run  in  unison. 

A  further  step  was  available  to  convince  the  skeptical 
but  intelligent  inquirer  that  the  earth  was  spherical, 
namely,  to  inform  him  about  the  truths  of  geometry 
and  the  observed  difference  in  apparent  position  of  the 
sun  at  any  two  places  remote  from  one  another  on  the 
earth.  Likewise,  the  new  analysis  of  the  concepts  of 
space  and  time,  and  facts  such  as  the  Michelson-Morley 
experiment,  open  the  way  to  an  understanding  of  rela- 
tivity. 

The  salient  feature  of  the  special  theory  of  relativity 
is  that  all  undisturbed  bodies  are  held  to  be  equally 
satisfactory  for  setting  up  systems  of  space-time  refer- 
ence. It  cannot  be  expected  that  the  facts  observed 
to  transpire  in  any  particular  system  so  obtained  have 
an  absolute  physical  meaning ;  by  their  very  nature 
they  must  be  facts  afTected  by  their  relation  to  the 
arbitrarily  selected  reference  body  or  ^'  particle,"  as 
we  shall  call  it.  In  consequence,  there  is  no  a  priori 
basis  for  the  identification  of  the  facts  as  stated  for 
different  particles. 

The  apparent  paradoxes  of  relativity  are  largely  due 
to  a  confusion  of  distinct  systems  of  space-time  refer- 
ence. On  this  account  they  are  easily  explained  after 
suitable  consideration  has  been  given  to  the  nature  of 
the  correlation  between  the  various  systems. 
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There  are,  of  course,  many  results  which  may  be 
stated  independently  of  the  arbitrary  reference  particle. 
For  example,  if  light  flashes  back  and  forth  along  a 
meter  stick,  a  perfectly  definite  interval  of  local  time  will 
elapse  meanwhile  on  a  clock  attached  at  the  end  of  the 
stick  whatever  its  apparent  velocity  may  be.  This  is 
the  essential  physical  truth  embodied  in  the  so-called 
hypothesis  of  the  constancy  of  the  velocity  of  light, 
and  makes  it  possible  to  measure  the  natural  dimensions 
of  a  body  by  optical  signaling  between  its  points. 

On  the  other  hand,  the  simultaneity  of  two  events 
has  only  a  precise  meaning  in  relation  to  the  particular 
reference  particle  selected.  Thus,  if  a  reference  particle 
P  is  the  midpoint  of  a  meter  stick,  a  light  flash  from  P 
will  reach  its  two  ends  simultaneously  in  P's  system 
of  space-time  measurement,  by  the  very  definition  of 
simultaneity.  Now  imagine  a  second  stick  which  is 
moving  relatively,  the  midpoint  Q  of  which  is  super- 
posed on  P  at  the  instant  when  the  light  flash  starts. 
It  is  clear  that  (for  P)  the  light  flash  will  reach  the 
approaching  end  of  the  moving  stick  before  it  reaches 
the  receding  end.  In  other  words,  the  flash  will  not 
reach  the  ends  of  the  moving  stick  simultaneously  in 
the  time  system  of  P.  But  in  the  system  of  the  mid- 
point Q  of  the  moving  stick,  these  two  events  will  be 
simultaneous,  of  course. 

Similarly,  there  is  no  reason  to  expect  that  the  opti- 
cally determined  length  of  a  meter  stick  in  motion 
relative  to  a  reference  particle  will  be  a  meter  which  is 
its  natural  length,  or  that  a  moving  clock  will  tick  once 
every  second  in  the  time  of  a  reference  particle.     The 
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determination  of  what  the  facts  are  will  depend  on  the 
selection  of  definite  technical  means  for  measuring  the 
space  and  time  of  the  reference  particle,  together  w^ith 
the  correlation  of  these  spaces  and  times  in  accordance 
with  the  hypothesis  of  relativity. 

The  surprising  extent  to  which  the  statement  of  the 
results  in  the  old  or  new  theories  depends  on  the  par- 
ticular technical  means  of  measuring  space  and  time 
may  be  brought  out  in  a  suggestive  way  as  follows : 

Suppose  that  a  dark  star  enters  the  solar  system 
with  a  velocity  nearly  that  of  light,  and  becomes  lumi- 
nous in  so  doing.  A  terrestrial  observer  will  see  it  ap- 
proach with  a  velocity  greatly  exceeding  that  of  light. 
This  is  obvious,  since  if  its  velocity  were  equal  to  that 
of  light,  the  star  would  strike  the  earth  without  ever 
becoming  visible.  The  apparent  paradox  disappears, 
of  course,  when  the  proper  allowance  is  made  for  the 
time  which  light  from  the  luminous  star  takes  to  reach 
the  earth. 

Henceforth  it  is  to  be  understood  that  the  space  and 
time  used  are  not  those  of  events  as  seen  at  the  refer- 
ence particle,  but  with  this  time  correction  allowed  for. 

The  relativistic  correlation  of  the  spaces  and  times 
of  various  reference  particles  is  very  much  like  that  to 
be  found  in  some  ordinary  correlation  problems,  which 
can  be  more  readily  grasped,  and  which  will  be  referred 
to  first. 

Suppose  that  the  squares  of  a  projected  city  are  laid 
out,  but  not  exactly  from  north  to  south  and  from  east 
to  west  because  of  topographical  difficulties.  Suppose 
further   that   it   is   subsequently   decided   to   run   the 
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streets  differentl}^,  say  inclined  at  an  angle  of  20°  to  the 
directions  first  chosen.  It  is  apparent  from  the  figure 
that  there  will  be  no  obvious  rela- 
tion between  distances  east  and 
north,  as  measured  in  the  two  -^"^ 
arrangements. 

The  easterly  distance  and  the 
northerly  distance  between  points 
of  the  city,  as  obtained  in  the  two 
ways,  are  comparable  to  space 
distance  and  time  difference 
between  events  for  two  reference  particles  in  relative 
motion.  Taking  events  which  are  simultaneous  for 
one  particle  to  be  simultaneous  for  the  other  also,  is 
akin  to  taking  points  on  the  same  east  and  west  street 
of  the  original  arrangement  as  likewise  so  in  the  modi- 
fied one.  ]\Iore  generally,  taking  the  distance  or  time 
between  two  events  to  be  the  same  for  both  reference 
particles  is  like  assuming  that  the  distance  by  which 
one  point  is  east  or  north  of  another  will  be  the  same 
whichever  way  it  is  measured. 

The  following  problem  in  correlation 
is  even  more  analogous  to  that  found 
in  relativity.  Suppose  that  the  sur- 
face of  the  earth  is  mapped  on  a  plane 
by  some  specific  method.  The  paral- 
lels of  latitude  and  the  meridian  circles 
will  then  take  definite  positions  (the 
circles  and  the  straight  lines  in  Fig. 
18).  Instead  of  the  north  pole  iV,  some  other  such  pole 
can  be  selected,  say  the  pole  M.     By  the  same  method, 
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a  second  map  is  obtained  which  will  be  quite  different 
in  appearance  from  the  original  map.  If,  however,  the 
new  parallels  of  latitude  and  circles  of  longitude  are 
drawn  on  the  first  map,  it  will  be  possible  to  use  them 
for  drawing  the  second  map.  Here  also  is  a  problem  in 
two-dimensional  correlation. 

There  is  no  simple  rule  of  correlation  between  the 
latitude  and  longitude  of  a  point  as  measured  on  the 
two  maps,  and  the  fact  serves  once  more  to  illustrate 
what  may  be  expected  when  the  various  spatio-temporal 
systems  of  relativity  are  correlated. 

A  simple  case  of  that  theory  is  presented  by  particles 
moving  on  a  single  spatial  line.  A  variety  of  particles 
are  then  directly  approaching  or  receding  from  one 
another  in  empty  space.  To  each  of  these  there  is 
attached  a  space  and  time  found  by  light-signaling 
methods.  Thus,  if  a  light  flash  is  sent  out  from  a 
reference  particle  A  and  returns  by  reflection  at  some 
second  particle  B  after  two  seconds,  then  the  event  of 
the  reflection  is  specified  in  space  and  time  by  the  two 
observations  at  A.  The  space  and  time  referred  to  is 
that  of  the  particle  A  ;  as  stated  previously,  the  ac- 
cepted technique  of  determination  of  these  measure- 
ments is  identical  with  that  used  in  the  classical 
theory  when  the  reference  particle  A  is  '^  absolutely 
at  rest."  Since  the  light  flash  travels  the  same  dis- 
tance either  way,  the  distance  of  the  event  signaled 
from  A  is  one  light-second.  The  time  of  the  event 
will  be  one  second  after  the  light  flash  was  sent  out 
from  A. 

The  collection  of  all  these  events  is  clearly  two- 
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dimensional,  with  one  spatial  dimension  and  one 
temporal  dimension. 

If  an  '^  observer  "  at  A  were  to  collect  observations 
of  events,  he  would  naturally  employ  a  chart  in  which 
one  direction  indicates  distance  from  A,  and  the  per- 
pendicular direction  indicates  time  of  happening.  Such 
a  chart  serves  to  specify  events  in  the  same  way  as  the 
plane  map  serves  to  specify  the  points  on  the  earth's 
surface.  It  is  to  be  expected  that  the  representation 
of  events  obtained  is  imperfect,  but  so  is  that  given  by 
a  plane  map  of  the  spherical  earth.  In  fact,  the  physi- 
cal reality  of  lapse  of  local  time  between  two  events  at 
an  arbitrary  particle  is  imperfectly  represented  by  dis- 
tance in  the  chart,  just  as  the  physical  reality  of  dis- 
tance between  two  points  on  the  surface  of  the  earth 
is  not  represented  exactly  by  distance  on  the  map. 
For  the  map,  the  distortion  is  least  near  the  poles 
and  greatest  near  the  equator.  With  the  charts,  a 
considerable  distortion  is  found  only  in  the  case  of  rela- 
tive velocities  comparable  to  that  of  light. 

Moreover,  in  the  same  way  as  with  different  choices 
of  a  pole  on  the  earth  various  maps  are  obtained,  so  all 
the  various  particles  yield  corresponding  charts.  These 
charts  will  be  essentially  the  same  only  for  particles 
relatively  at  rest. 

There  is  another  analogy  which  is  worthy  of  note. 
All  the  parts  of  a  sphere  are  alike  from  a  geometric 
point  of  view,  and  yet  this  identity  of  properties  is 
masked  when  the  sphere  is  mapped  upon  the  plane. 
Similarly,  it  is  a  fact  that  space-time  is  the  same  physi- 
cally for  every  reference  particle,  and  yet  this  is  not 
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obvious  from  a  casual  inspection  of  a  single  chart. 
It  is  desirable  now  to  outline  briefly  how  there  can  be 
complete  relativity  of  this  kind  with  respect  to  any 
reference  particle,  without  essential  paradox. 

Assume  that  a  definite  particle  A  is  selected,  and  that 
in  its  space  and  time,  determined  by  the  particular 
light-signaling  process  specified  above,  every  other  par- 
ticle travels  with  a  constant  velocity  less  than  that 
of  light,  the  latter  velocity  being  unity  on  account  of 
the  fact  that  the  light-second  is  taken  as  unit  of  dis- 
tance in  defining  the  space  and  time  of  the  reference 
particle.  This  assumption  means  that  the  events  at 
any  observed  particle  B  are  represented  by  a  straight 
line  on  A's  chart. 

Thus  far,  the  only  clock  used  is  the  one  at  A, 
The  clock  at  a  particle  B  in  relative  motion  can  be 
arbitrarily  assumed  to  go  at  any  assigned  rate,  and 
a  moving  measuring  stick  to  vary  in  length  for  A 
according  to  ^'s  velocity,  and  still  no  inconsistency 
can  arise,  for  all  the  hypotheses  are  mutually  inde- 
pendent. 

Suppose  in  particular  that  any  three  Pythagorean 
numbers  such  as  3,  4,  5  (so  that  3^  -|-  4^  =  5^)  are 
selected.  If  we  desire,  the  specific  assumption  about 
the  behavior  of  clocks  and  measuring  sticks  may  be 
made  that,  if  the  velocity  in  A^s  space  and  time  is  three- 
fifths  that  of  light,  then  the  slowing  down  of  clocks 
and  the  contraction  of  measuring  sticks  will  be  in  the 
ratio  of  4  to  5.  We  may  extend  this  rule  to  any  set  of 
three  Pythagorean  numbers  such  as  5,  12,  13.  In  such 
a  way  there  is  obtained  a  purely  hypothetical  space- 
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time,  which  is  bound  to  be  self-consistent  by  its  very 
manner  of  definition. 

At  the  reference  particle  B  it  is  possible  to  imagine 
the  same  signaling  process  carried  out,  in  order  to  ob- 
tain j5's  system  of  space-time  reference.  It  will  then 
be  found  as  a  result  of  eas}^  algebra  that  the  relation  of 
A's  space  and  time  to  5's  space  and  time  is  exactly 
that  of  5's  to  A's.  By  the  use  of  the  same  method 
it  is  also  possible  to  find  the  interrelation  of  the  space 
and  time  of  a  particle  C  with  5's,  by  the  intermediation 
of  A's  space  and  time.  Exactly  the  same  Pythagorean 
rule  is  found  in  this  way  to  hold  for  B  as  well  as  for  A. 
Hence  the  self-consistency  of  relativity  follows.  It 
may  be  observed  that  if  clocks  and  measuring  sticks  do 
not  behave  as  required  by  the  Pythagorean  rule,  the 
principle  of  relativity  does  not  hold. 

The  adjoining  figure  illustrates  an  optically 
termined  position  of  a  very  long  stick  B  of 
light-second  in 
length,  and  which  is 
moving  to  the  right 
at  three-fifths  the 
velocity  of  light  rel- 
ative to  the  refer- 
ence stick  A  whose 
natural  length  is 
also  one  light-second.  It  will  be  observed  that  B's 
optical  length  is  only  four-fifths  that  of  A.  The  clocks 
attached  to  the  two  ends  of  A  point  to  the  same  zero 
of  time,  since  a  single  instant  of  A's  time  is  represented. 
The  clock  attached  to  the  left-hand  end  of  B  is  also 
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taken  to  point  to  the  zero  of  time  ;  it  will  be  noted  that 
then  the  clock  at  the  right-hand  end  of  B  has  a  lag  of 
three-fifths  of  a  second,  in  agreement  with  the  fact  that 
events  simultaneous  for  A  will  not  be  for  B. 

After  one  second  has  elapsed  at  A,  the  stick  B  has 
moved  three-fifths  of  a  light-second  to  the  right,  of 


0 


1 


Fig.  20. 


course,  and  has  still  the  optical  length  of  four-fifths. 
It  will  be  seen  that  the  same  characteristic  lag  is  found 
in  the  clocks  at  B,  and  that  these  have  only  run  four- 
fifths  of  a  second  for  A. 

A  possible  difficulty  may  be  felt  in  the  fact  that  the 
stick  B  in  motion  is  deemed  shorter  than  the  stick  A 
at  rest,  while,  if  B  is  taken  to  be  at  rest,  A  is  held 
shorter.  Such  a  difficulty  only  arises  from  the  attempt 
to  overlook  the  difference  between  the  reference  systems 
attached  to  A  and  B,  and  treat  them  as  identical.  A 
glance  back  at  the  two  sets  of  streets  of  the  hypo- 
thetical city  (Figure  17)  shows  that  the  easterly  dis- 
tance between  a  pair  of  north  and  south  streets  of  the 
second  arrangement,  measured  in  the  first,  exceeds 
that  between  a  pair  of  north  and  south  streets  of  the 
first  arrangement,  and  that,  notwithstanding,  the  same 
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is  true  when  the  role  of  the  two  arrangements  is  inter- 
changed. This  analogy  indicates  the  lack  of  ground 
for  the  stated  difficulty,  or  for  any  similar  difficulty,  in 
the  behavior  of  bodies  in  relative  motion. 

After  these  preliminaries  we  are  fully  prepared  to 
deal  with  some  amusing  and  instructive  relativistic 
paradoxes,  the  explanation  of  which  illustrates  various 
results  of  the  theory. 

The  Quest  of  the  Absolute 

Despite  the  dictum  of  relativity,  may  it  not  be  possi- 
ble to  define  absolute  space  and  time?  The  method 
to  be  proposed  can  be  best  understood  after  its  analog 
in  Newton's  theory  for  determining  an  '' absolute 
space"  has  been  formulated. 

According  to  the  Newtonian  laws,  the  center  of 
gravity,  C,  of  the  sidereal  universe  moves  with  uniform 
velocity  in  a  straight  line.  The  ^^  absolute  space  " 
may  be  taken  to  be  that  attached  to  a  hypothetical 
particle  at  C.  In  other  words,  the  absolute  space  is  the 
particular  one  for  which  the  center  of  gravity  is  at  rest. 
It  is  for  this  space  only  that  the  motion  of  matter  every- 
where is  most  symmetrically  distributed  in  direction, 
and  that  the  total  energy  of  motion  is  least. 

In  the  special  theory  of  relativity  it  is  possible  to 
proceed  by  a  somewhat  more  involved  but  entirely 
similar  method,  to  define  an  absolute  space  and  time. 
It  is  simplest  to  do  this  when  there  is  a  set  of  mass 
particles  in  uniform  rectilinear  motion.  Then  there 
can  be  found  a  hypothetical  reference  particle  C,  for 
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which  the  attached  space  and  time  have  a  pecuHar  prop- 
erty, namely,  that  there  is  no  '^  apparent  momentum  '^ 
in  any  direction.  It  is  again  a  system  of  reference  for 
which  the  motion  is  symmetrically  distributed  in  all 
directions.  When  there  are  only  two  particles  of  equal 
mass,  C  will  lie  halfway  between  them  at  rest  in  the 
absolute  space.  If  the  mass  particles  are  interacting, 
it  is  still  possible  to  obtain  a  hypothetical  particle  C, 
such  that  for  any  event  E  at  C,  some  particle  D  at 
the  event  has  the  symmetric  distribution  of  motion 
sought.  Here  we  may  define  the  absolute  space  as 
that  of  D  at  E,  and  absolute  time  as  given  by  the  clock 
moving  with  C  The  main  fact  to  observe  is  that, 
despite  the  increasing  complexity  of  definition,  the 
space  and  time  called  absolute  can  be  chosen  by  a 
symmetric  method.  Even  in  the  general  theory  of 
relativity  it  is  possible  to  proceed  similarly,  since  it  is 
known  that  the  space  of  a  particle  at  an  event  can  be 
uniquely  defined. 

The  fundamental  objection  to  any  definition  of  this 
sort  is  that  the  most  convenient  statement  of  physical 
law  is  accomplished  without  any  use  of  such  an  absolute 
system  of  reference.  It  is  true  that  the  absolute  space 
and  time  specifically  proposed  present  a  further  diffi- 
culty, namely,  that  large  quantities  of  matter,  so  ex- 
tremely remote  from  the  sidereal  universe  as  not  to  be 
observable,  might  greatly  modify  the  space  and  time 
called  absolute,  which  seems  unreasonable.  But  mere 
intellectual  convenience  is  the  major  consideration 
requiring  the  abandonment  of  an  artificial  absolute 
space  and  time. 
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The  essential  meaning  of  relativity  is  thus  that  the 
laws  of  nature  are  most  easily  stated  in  terms  of  sys- 
tems of  space-time  reference  not  uniquely  defined. 

The  Clock  Paradox 

The  following  paradox  is  often  bafEing.  Two  clocks 
K  and  L  are  at  a  particle  P.  If  the  second  clock  is 
moved  in  any  manner  away  from  P  and  then  back 
again,  it  will  be  found  to  have  gone  more  slowly  than 
the  first  clock,  although  the  rates  will  still  be  the  same 
at  the  two  comparisons.  However,  the  situation  seems 
entirely  reciprocal.  In  the  same  process,  the  first 
clock  leaves  the  second  and  is  then  brought  back  into 
coincidence  with  it.  It  appears  as  if  not  only  L  regis- 
ters less  time  elapsed  than  K,  but  also  K  registers 
less  time  than  L.  Now  such  a  state  of  affairs  is  obvi- 
ously impossible. 

The  answer  to  the  paradox  is  that  only  K  remains 
in  undisturbed  motion  at  P.  By  the  stated  rule,  it  is 
clear  that  L  will  go  more  slowly  than  K,  so  that  less 
time  will  elapse  at  L.  Since  the  motion  of  L  is  dis- 
turbed, it  cannot  be  taken  to  coincide  with  a  reference 
particle  during  the  process.  If  L  were  not  disturbed 
it  would  necessarily  remain  in  coincidence  with  P, 
Thus  the  reason  for  the  apparent  paradox  lies  in  a 
deceptive  appearance  of  symmetry  between  the  two 
clocks. 

The  Age  of  Light 

Astronomers  tell  us  that  light  arriving  from  a  very 
distant  star  is  extraordinarily  old.     But,  according  to 
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the  theories  of  relativity,  light  is  ageless.  In  fact, 
imagine  a  clock  traveling  as  fast  as  light.  The  Py- 
thagorean rule  shows  that  the  corresponding  Pythago- 
rean triplet  is  1,  0,  1.  Hence,  contraction  of  measuring 
sticks  to  nil  and  a  complete  stopping  of  clocks  takes 
place  in  motion  with  the  velocity  of  light.  Since  the 
clock  at  the  light  wave  is  not  going,  the  wave  cannot 
age  at  all.  More  precisely,  we  may  imagine  that  the 
clock  travels  at  a  rate  slightly  less  than  that  of  light ; 
then,  in  the  reference  system  attached  to  this  clock,  the 
aging  of  the  light  will  be  very  small  while  the  light  leaves 
the  distant  star  and  travels  to  the  earth.  Of  course 
the  apparent  distance  from  star  to  earth  will  be  greatly 
reduced  for  such  a  reference  system,  as  obtained  by  the 
optical  method.  The  conclusion  follows  that  the  age 
of  a  light  wave  is  entirely  relative  to  the  particular 
space  and  time  of  reference  selected. 

For  the  astronomer  the  reference  space  and  time 
selected  is  that  attached  to  the  sun  and  the  fixed  stars. 
It  is  in  this  sense  that  the  usual  astronomical  statement 
has  meaning. 

An  Adventure  in  Time  and  Space 

The  episode  which  we  now  propose  to  tell  is  one 
which  seems  at  first  to  transcend  the  imagination,  and 
yet  which  is  entirely  in  order  for  the  relativist. 

A  youth,  bidding  farewell  to  his  companions,  enters 
a  properly  constructed  projectile  and  is  hurled  away 
from  the  earth  with  a  velocity  nearly  that  of  light. 
(As  a  matter  of  fact  it  would  require  at  least  a  month 
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of  constant  high  acceleration  to  acquire  safely  such  an 
extraordinary  velocity.)  The  projectile  is  directed 
toward  an  enormous  star  thirty  light-years  distant. 
On  approaching  the  star,  its  gravitational  attraction 
is  used  to  reverse  the  direction  of  the  projectile,  and  he 
returns  safely  to  the  earth.  For  him  the  entire  journey 
will  take  a  very  short  time  and  he  will  still  be  young. 
Yet  his  companions  will  have  become  old  men ! 

This  paradox  is  explained  just  as  the  preceding  one 
was.  Relative  to  the  earth,  his  clock  will  tick  off  the 
seconds  very  slowly,  and  his  physiological  activities 
will  go  on  at  a  proportionately  slow  rate.  If  we  under- 
take to  specify  what  happens  relative  to  the  daring 
youth,  we  are  no  longer  on  familiar  ground,  since  the 
projectile  is  not  in  undisturbed  motion  during  its  en- 
tire flight. 

It  is  interesting  to  inquire  what  would  be  ^'  seen  '^ 
to  transpire  through  suitable  telescopes.  From  the 
earth  the  course  of  events  would  appear  to  go  on  very 
slowly  at  the  projectile  on  its  sixty-year  outward 
journey  at  apparently  only  half  the  velocity  of  light. 
Then  the  projectile  would  be  seen  to  shoot  back  with 
an  incredible  velocity  greatly  exceeding  that  of  light, 
and  would  reach  the  earth  in  a  very  short  time  during 
which  events  in  the  projectile  are  observed  to  happen 
very  rapidly. 

The  Speed  Paradox 

It  has  been  stated  that  the  velocity  of  a  particle  can- 
not exceed  that  of  light  in  relativistic  space-time.  But 
why  can  we  not  proceed  as  follows?     Consider  a  first 
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particle  P,  moving  in  one  direction  with  two-thirds  the 
velocity  of  light  relative  to  Q,  and  another  particle  R, 
moving  in  the  opposite  direction  with  the  same  velocity 
relative  to  Q.  Then  it  would  seem  that  the  velocity  of 
R  relative  to  P  is  four-thirds  that  of  light. 

It  is  clear  that  this  conclusion  involves  the  assump- 
tion that  the  velocity  of  P  relative  to  Q  and  the  velocity 
of  R  relative  to  Q  will  combine  to  give  the  velocity  of 
R  relative  to  P.  But  what  is  really  obtained  by  this 
addition  is  the  velocity  of  R  relative  to  P  in  the  Q 
system  of  reference,  and  not  in  the  P  system,  as  desired. 
Thus,  this  paradox,  too,  is  explained  by  the  confusion 
of  reference  systems.  As  a  matter  of  fact,  the  velocity 
of  R  relative  to  P  will  be  only  twelve-thirteenths  of 
that  of  light.  The  same  process  may  be  continued 
indefinitely  for  any  number  of  particles,  each  of  whose 
velocities  relative  to  its  predecessor  is  two-thirds  that 
of  hght ;  and  yet  the  velocity  of  the  last  particle  relative 
to  the  first  will  still  be  less  than  that  of  light.  The 
mathematical  formulas  justify  this  remarkable  con- 
clusion. 

Is  Mass  Constant? 

In  classical  physics  mass  is  a  constant.  If  a  force, 
say,  equal  to  only  one  pound,  is  constantly  exerted  on  a 
pound  of  matter  in  empty  space,  its  velocity  will  exceed 
that  of  light  by  the  end  of  a  year.  But  this  cannot 
happen  in  the  theory  of  relativity,  since  no  velocity 
can  exceed  that  of  light.  The  only  possible  conclusion 
seems  to  be  that  the  mass  increases  as  the  velocity  does. 
Hence  mass  seems  to  be  at  once  constant  and  variable. 
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To  explain  the  paradox,  let  us  suppose  the  force  to 
have  acted  for  only  one  second.  The  mass  will  possess 
a  certain  velocity  (about  32  feet  per  second)  relative  to 
the  initial  reference  system.  Adopt  now  the  reference 
system  for  which  the  mass  is  at  rest  at  the  instant. 
Since  the  conditions  are  exactlj^  as  they  were  at  first, 
the  velocity  will  be  increased  relatively  by  the  same 
amount  as  before  during  the  next  second,  and  this  will 
continue  indefinitely. 

But,  as  we  observed  in  the  discussion  of  the  preceding 
paradox,  it  is  not  possible  to  make  the  velocity  equal 
that  of  light  by  such  a  process.  Consequently,  the 
velocity  will  increase  indefinitely,  but  never  can  be- 
come as  great  as  that  of  light. 

Hence  in  the  first  reference  system  it  will  appear  as 
though  the  mass  were  responding  less  and  less  readily 
to  the  action  of  the  force.  The  ''  apparent  "  mass 
may  then  be  said  to  increase,  although  the  '^  natural  " 
mass  of  one  pound  remains  unaltered. 

The  fact  that  increase  of  apparent  mass  occurs  with 
increase  of  apparent  velocity  is  often  stated  in  the  more 
specific  but  not  quite  exact  form  that  increase  in  ap- 
parent mass  is  equal  to  the  increase  in  kinetic  energy. 

Is  Space  Curved? 

It  has  been  pointed  out  that  in  the  special  theory  of 
relativity,  empty  space  is  flat  or  Euclidean.  It  is  often 
said  that  in  the  general  theory,  space  is  curved  because 
of  the  presence  of  matter.  What  is  the  meaning  of 
this  statement? 
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A  curved  space  is  one  in  which  experiments  in  spatial 
measurement  are  not  in  accord  with  ordinary  geometry. 
For  example,  on  the  surface  of  the  sphere,  distances 
and  angles  obey  different  laws  than  in  the  plane. 
Hence  the  sphere  is  curved. 

By  the  general  theory  of  relativity,  there  is  not 
usually  to  be  found  the  stationary  condition  essential 
for  comparative  spatial  measurement.  However,  the 
solar  space  attached  to  the  sun  happens  to  be  nearly 
stationary,  since  the  planets  only  disturb  the  sun 
slightly.  It  turns  out  that  the  solar  space  so  obtained 
is  curved,  so  that,  for  instance,  the  ratio  of  the  distance 
around  a  circle  with  its  center  at  the  sun  to  its  distance 
through  is  not  exactly  the  ratio  of  ordinary  geometry. 

Of  course  distance  may  be  defined  anew  so  that  the 
space  about  the  sun  is  Euclidean,  in  the  same  way  as 
distance  on  the  sphere  may  be  defined  as  distance  on  a 
plane  map  of  the  sphere.  But  such  distance  will  not 
then  be  that  determined  by  the  use  of  the  measuring 
stick  in  space,  and  lacks  physical  significance. 

Is  Space  Finite? 

It  follows  in  Einstein's  general  theory  that  if  the 
density  of  matter  does  not  diminish  indefinitely  at  great 
distances,  then  the  spatial  universe  is  finite  in  extent. 
This  seems  very  paradoxical  at  first.  However,  if  we 
imagine  a  thoroughly  two-dimensional  being,  somehow 
confined  to  move  in  the  surface  of  a  very  large  sphere 
(to  him  like  a  plane),  then  his  spatial  experience  will  be 
two-dimensional  just  as  our  own  experience  is  three- 
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dimensional.  Moreover,  to  him  space  will  appear 
not  only  unbounded,  but  infinite,  whereas  in  fact  it  is 
unbounded  and  finite.  This  familiar  illustration  is 
sufficient  to  make  it  conceivable  how  space  may  be 
unbounded,  and  yet  finite  in  extent.  At  present  the 
astronomical  evidence  does  not  point  to  the  finiteness 
of  space. 

This  completes  the  selected  list  of  paradoxes.  It 
has  appeared  that  nearly  all  these  apparent  paradoxes 
have  arisen  because  of  a  confusion  of  different  systems 
of  space-time  reference.  Yet  it  is  possible  and  con- 
venient to  hold  fast  to  a  single  arbitrary  system  of 
reference,  provided  only  the  arbitrariness  be  recog- 
nized. In  the  same  way,  position  on  the  earth  is  defined 
once  for  all  in  terms  of  latitude  and  longitude,  which 
involves  the  arbitrary  initial  choice  of  a  pole  of  refer- 
ence. Despite  the  fact  that  an  arbitrary  method  of 
earth  measurement  is  selected,  no  one  feels  obliged  to 
consider  the  interrelation  of  two  systems  of  reference 
obtained  by  selecting  two  poles. 

Of  course  the  alikeness  of  the  sphere  in  all  its  parts 
and  in  every  direction,  and  the  fundamental  importance 
of  the  concept  of  distance,  are  admitted,  and  the  dis- 
tortion of  distances  on  the  map  because  of  the  selection 
of  a  particular  pole  is  expected. 

Similarly,  in  dealing  with  a  particular  physical  prob- 
lem, it  is  desirable  to  adhere  to  a  definite  means  of  space- 
time  measurement,  while  the  alikeness  of  space-time 
throughout,  as  embodied  in  the  principle  of  relativity, 
and  also  the  fundamental  nature  of  the  interval  of  local 
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time  between  events,  are  recognized.  Peculiarities  ob- 
served in  the  behavior  of  clocks,  measuring  sticks,  etc., 
are  accepted  as  only  natural,  for  it  is  understood  that 
tnese  phenomena  represent  a  kind  of  apparent  distortion 
relative  to  the  selected  reference  body.  In  this  way 
it  is  easy  to  arrive  at  a  satisfactory  mental  attitude 
toward  the  new  doctrines. 


CHAPTER  VI 

SOME    GENERAL   PRINCIPLES   OF   THE   NEW  PHYSICS 

There  are  two  kinds  of  ideas  involved  in  the  compre- 
hension of  a  physical  theory.  At  the  one  extreme  he 
those  which  are  of  philosophic  nature,  and  are  rich  in 
possibilities  of  technical  elaboration  ;  the  first  formula- 
tion of  the  ^^  principle  of  least  action  "  in  dynamics 
was  of  this  type.  Such  germinal  philosophic  ideas  are 
based  on  observation.  They  tend  to  be  evaluated  in 
more  and  more  precise  abstract  form,  until  there  arises 
finally  a  complete  theory,  which  can  then  be  set  forth 
almost  regardless  of  the  intuitive  ideas  from  which  it 
sprang.  Correlative  wdth  this  theory  there  go  various 
precise  experimental  processes  by  which  the  terms  used 
acquire  concrete  meaning.  The  understanding  of  the 
completed  abstraction  and  of  the  intuitive  beginnings 
are  alike  of  the  highest  importance. 

In  all  of  the  preceding  chapters  our  concern  has  been 
mainly  with  the  intuitive  ideas  which  lie  at  the  basis 
of  the  new  relativist ic  physics.  With  the  aim  of  ex- 
plaining more  definitely  how  these  beginnings  give  rise 
to  a  complete  mathematical  theory,  there  will  be  given 
in  this  chapter  a  sketch  of  a  development  of  this  kind, 
which  starts  from  certain  general  principles  or  postu- 
lates.    In   the   immediately   following   chapter   these 
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principles  will  be  supplemented  so  as  to  lead  to  a  per- 
fectly definite  theory  of  the  structure  of  matter. 

These  two  chapters  will  naturally  be  more  intelligible 
to  a  person  who  has  been  somewhat  trained  in  mathe- 
matical thought  than  to  one  who  has  not.  But  I 
believe  that  it  will  prove  of  advantage  for  all  to  read 
the  explanatory  non-technical  material,  and  to  glance 
over  the  equations  embodying  this  material  in  the  terse 
language  of  mathematical  symbolism.  In  addition  to 
the  ordinary  algebraic  symbols  of  equality,  addition, 
subtraction,  etc.,  these  equations  involve  only  the 
notation  of  the  differential  calculus  for  dealing  with  the 
rates  of  change  of  quantities.     Moreover,  such  a  sum 

^^  /1+/2+/3+/4 

is  written  in  the  abbreviated  form /a.  In  other  words, 
when  a  Greek  letter  appears  as  subscript  or  superscript, 
the  sum  of  the  terms  obtained  by  assigning  all  values 
to  the  Greek  letter  and  summing  is  thereby  understood. 
Subscripts  and  superscripts  are  employed  in  order  to 
designate  in  the  simplest  possible  way  the  various 
quantities  of  one  and  the  same  type. 

For  the  lack  of  a  better  term,  the  principles  here 
taken  to  lie  at  the  basis  of  relativistic  physics  will  be 
called  postulates.  The  formal  elaboration  of  these  is 
by  no  means  rigorously  logical,  but  might  be  expanded 
so  as  to  satisfy  this  demand.  The  names  selected  for 
the  postulates  are  such  as  to  suggest  the  corresponding 
basic  intuitions  as  far  as  possible. 

I.  Postulate  of  the  Space-Time  Continuum.  The 
totality  of  events  constitutes  a  four-dimensional  continuum. 
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The  technical  meaning  of  an  event  is  an  occurrence 
at  a  point  lasting  only  for  an  instant  of  time.  A  flash 
of  light,  no  matter  by  what  means  it  may  be  specified 
in  space  and  time,  is  such  an  event.  The  existence  of 
such  idealized  events  has  always  been  presupposed  by 
the  physicist.  According  to  the  postulate,  their  precise 
specification  is  to  be  accomplished  by  means  of  four 
numbers.  In  everyday  experience  these  might  be  lati- 
tude, longitude,  distance  above  sea  level,  and  ordinary 
time.  But  the  postulate  implies  further  that,  however 
carefully  measurements  may  be  made,  it  will  still  be 
possible  to  use  four  numbers  to  specify  any  event. 
Thus  there  is  involved  the  hypothesis  of  a  basic  physi- 
cal continuum  of  four  dimensions,  called  space-time, 
whose  elements  are  events  standing  in  exact  correspond- 
ence with  all  possible  sets  of  four  numbers. 

In  mathematical  terms  this  means  that  four  variables 
such  as 

/v»  /v»  /v»  />» 

Xl,    U/2,    ^3,    X4 

with  four  corresponding  subscripts  may  be  used  to 
denote  these  four  numbers.     Thus  the  equations 

will  specify  a  definite  event,  once  a  definite  system  of 
space-time  measurement  has  been  adopted.  The  four 
variables  may  be  called  the  coordinates  of  the  event. 

For  classical  physics,  the  type  of  coordinates  chosen 
is  prescribed  at  the  outset.  One  variable,  say  Xi,  de- 
notes the  absolute  time,  while  the  other  three  variables 
X2,  Xzj  X4  give  the  position  of  the  point  of  absolute  space 
at  which  the  event  happens,  by  means  of  the  distances 
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of  the  point  from  three  mutually  perpendicular  fixed 
planes  in  that  space.  However,  it  is  clear  that  the 
hypothesis  that  such  coordinates  exist  involves  various 
other  tacit  hypotheses  which  we  do  not  propose  to 
make.  Rather,  as  a  matter  of  systematic  technique, 
our  coordinates  will  be  considered  as  selected  in  an 
entirely  arbitrary  manner,  and  so  devoid  of  specific 
physical  significance.  It  deserves  to  be  emphasized 
that  this  is  done  in  order  to  preserve  an  open  frame  of 
mind,  and  in  no  way  involves  a  relativistic  hypothesis. 
In  mathematical  language  we  may  say  that  the  four 
coordinates  are  to  be  considered  as  independent  varia- 
bles. The  second  postulate  is  concerned  with  the  de- 
pendent variables. 

11.  Postulate  of  the  Field.  There  exist  certain 
measurable  quantities  or  field  functions,  designated  as 
p,  q,  r,  etc.,  and  specified  for  each  event  as  soon  as  the 
system  of  coordinates  is  chosen,  which  completely  char- 
acterize the  physical  properties  of  the  space-time  con- 
tinuum. 

The  measurement  of  these  quantities  is  of  course  a 
technical  matter.  Familiar  measurable  quantities  of 
this  type  in  everyday  experience  are  density,  com- 
ponents of  force,  etc. 

In  the  older  physics  there  were  certain  measurable 
quantities  apparently  not  of  this  kind,  for  example,  the 
distance  between  the  points  at  which  two  events  happen, 
or  the  difference  in  their  times  of  happening.  Thus 
the  quantity  measured  might  not  be  concerned  with  a 
single  event  and  so  be  apparently  of  another  type. 
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It  is  easy  to  show  that  this  difference  is  not  essential, 
and  arises  because  the  means  of  measuring  space  and 
time  has  been  unnecessarily  speciahzed.  More  spe- 
cifically stated,  it  is  possible  to  express  the  distance 
between  two  events  in  the  classical  theory  entirely  in 
terms  of  field  functions.  In  fact  there  will  be  a  degen- 
erate quadratic  differential  form 

dp  =  fa,^  dxjxp 

in  which  the  coefficients  fu,  sixteen  in  number,  are  field 
functions,  such  that  this  form  represents  the  squared 
element  of  distance  in  absolute  space  between  an  event 

Xi,    X'2,    X3,    X4 

and  a  neighboring  event 

Xi  +  dxi,     Xo  +  dx2,     Xz  +  dxz,     X4  +  dxi. 

The  distance  between  the  two  given  events  will  then  be 
the  least  number  obtained  by  summing  these  small 
distances  over  any  path  from  the  one  event  to  the 
other  in  the  space-time  continuum,  inasmuch  as  the 
straight  line  furnishes  the  shortest  distance  between 
two  points.  For  a  different  choice  of  coordinates, 
there  would  of  course  be  different  values  of  the  field 
functions  /,/,  but  the  distance  number  similarly  ob- 
tained will  be  the  same  alwa3^s. 

In  this  way  it  is  seen  that  there  is  no  limitation  in 
taking  as  fundamental  only  measurable  quantities 
which  are  field  functions.  Yet  the  spirit  of  the  second 
postulate  emphasizes  the  primary  importance  of  those 
measurable  quantities  which  are  concerned  with  the 
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happenings  near  a  point  at  a  particular  time.  The 
postulate  is  in  agreement  with  the  deep-seated  intui- 
tion of  physicists  which  has  led  them  to  avoid  *'  action 
at  a  distance  "  as  far  as  possible. 

III.  Postulate 'OF  Causation.  From  the  same  ini- 
tial state  (in  any  system  of  coordinates)  the  same  sub- 
sequent  states  uniformly  follow.  Slight  disturbances  of 
the  initial  state  are  locally  propagated. 

The  first  part  of  the  postulate  embodies  the  principle 
of  uniformity  in  nature.  It  affirms  that  if  the  numeri- 
cal values  of  the  various  field  functions  are  known,  then 
the  subsequent  values  of  these  functions  are  completely 
determined. 

With  the  purpose  in  view  of  giving  a  more  precise 
meaning  to  the  second  part  of  the  postulate,  while 
avoiding  purely  mathematical  difficulties,  let  us  con- 
sider a  purely  hypothetical  two-dimensional  space- 
time.  Here  the  universe  of  events  possesses  one  space 
dimension  and  one  time  dimension.  There  are  two 
useful  ways  of  representing  these  events.  One  is  to 
locate  the  events  as  happening  at  a  point  of  a  line,  in 
which  position  is  specified  by  means  of  the  distance 
coordinate  X2,  and  then  to  imagine  the  time,  Xi,  to 
change.  The  other  is  to  represent  both  coordinates 
in  a  plane  diagram  in  which  X\  is  represented  by  hori- 
zontal distance,  and  x^  is  represented  by  vertical  dis- 
tance. The  second  method  gives  us  a  complete  repre- 
sentation of  the  space-time  continuum  by  means  of  a 
spatial  continuum  of  the  same  number  of  dimensions, 
each  event  being  represented  by  a  point. 
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Imagine  a  slight  disturbance  of  the  existing  condition 
to  be  made  at  an  event  P.  That  is,  the  disturbance 
is  such  as  to  affect  sUghtly  the  values  of  the  measurable 
field  functions  only  in  the  immediate  proximity  of  P. 
The  possibility  of  creating  such  a  disturbance  lies  at  the 
very  basis  of  the  idea  of  causation.  The  meaning  of  the 
postulate  is  that  the  effect  of  this  slight  but  arbitrary  dis- 
turbance will  spread  spatially  like  a  wave  to  right  and 
left  over  the  hypothetical  spatial  line,  as  time  elapses. 

This  postulate  does  not  imply  arbitrary  interference 
with  the  uniformity  of  nature.  It  requires  only  that 
there  do  exist  physical  states  which  are  the  same  except 
near  a  single  point,  and  imposes  a  condition  upon  the 
relation  of  two  neighboring  states  of  this  sort.  Con- 
sider a  stretched  violin  string  at  rest.  A  displacement 
of  the  string  at  its  middle  point  would  give  a  disturbance 
of  the  kind  referred  to,  which  would  rapidly  affect  the 
entire  string. 

It  is  obvious  that  if  an  event  Q  lies  on  the  left-hand 
wave  out  from  P,  while  an  event  R  lies  on  the  left-hand 
wave  out  from  Q,  then  R  also  lies  on  the  left-hand  wave 
from  P.  For  if  Q  is  the  event  of  the  left-hand  wave 
from  P  reaching  a  certain  point,  the  left-hand  wave 
set  up  at  the  point  and  instant  Q,  will  move  to  the  left 
with  the  first  wave. 

When  we  pass  to  the  representation  by  a  plane  dia- 
gram, the  waves  to  right  and  left  are  represented  by  two 
curves  through  the  corresponding  point  P.  Hence  the 
paths  of  all  possible  disturbances  of  this  hypothetical 
kind  will  be  given  by  two  sets  of  curves,  each  of  which 
covers  the  plane. 
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It  is  possible  to  distort  this  plane  so  that  these  curves 
become  the  two  sets  of  straight  lines  making  an  angle 
of  45°  with  a  straight  line  and  lying  one  on  each  side 
of  it.  The  corresponding  new  set  of  coordinates  is 
peculiarly  simple  in  that  all  the  disturbance  waves 
travel  with  unit  velocity  to  right  and  left.  The  differ- 
ential equations  of  the  two  types  of  waves  are  then 

dx  =  dt,    dx  =  —  dt, 

and    may   be    combined    into    the    single    differential 

equation 

dt^  -  dx'-  =  0 

in  which  the  superscripts  are  algebraic  exponents. 
Here  t  is  the  special  time  coordinate  taking  the  place 
of  Xi,  and  X  is  the  special  space  coordinate  taking  the 
place  of  X'z. 

Since  no  disturbance  in  nature  is  believed  to  travel 
faster  than  light,  these  causal  waves  are  properly 
termed  light  waves.  In  the  coordinates  selected,  the 
velocity  of  light  to  right  and  left  is  unity.  If  the 
second  is  the  unit  of  time,  the  unit  of  distance  is  the 
light-second. 

Transferred  to  general  coordinates,  the  last  equation 
takes  the  form 

where  the  three  quantities  r/n,  (712  =  ^21,  {722  are  deter- 
mined only  up  to  an  arbitrary  multiplier.  Thus  the 
ratios  between  pairs  of  them  are  field  functions  and 
possess  physical  meaning.  The  equation  may  be  called 
the  causal  equation. 
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When  the  four-dimensional  space-time  is  considered 
instead  of  the  hypothetical  two-dimensional  space- 
time,  there  is  obtained  in  like  manner  a  condition 
formulated  precisely  as  the  one  just  set  down,  although 
the  subscripts  run  from  1  to  4  instead  of  from  1  to  2. 
There  are  then  ten  distinct  quantities  ga  of  which  the 
nine  independent  ratios  have  physical  significance. 
In  the  space-time  continuum  the  equation  gives  rise 
to  a  causal  cone  with  vertex  at  each  event. 

This  reasoning  shows  that  in  any  physical  theory  for 
which  the  postulate  of  local  causation  holds,  a  quad- 
ratic differential  form  may  be  expected  to  play  a 
central  role.  Various  recent  attempts  at  further  de- 
velopments of  the  theory  of  relativity  fail  to  take  full 
account  of  this  important  fact. 

In  the  two-dimensional  analog,  the  waves  of  light 
are  also  beams  of  light  along  the  line.  But  in  the  case 
of  nature,  there  is  a  distinction  between  a  wave  of 
light,  which  spreads  out  in  all  directions,  and  a  beam, 
which  moves  along  a  line.  However,  the  beam  is  easily 
definable  in  terms  of  the  wave.  Consider  an  expand- 
ing circular  ripple  on  the  surface  of  a  pond.  If  a  second 
ripple  is  set  up  at  some  point  of  the  first,  there  will  be 
a  second  expanding  ripple  which  moves  tangent  to  the 
first  at  a  single  point,  and  this  point  of  tangency  will 
move  in  a  straight  line.  The  first  and  second  ripple 
are  akin  to  the  waves  in  four-dimensional  space-time, 
while  the  tangent  point  is  akin  to  the  beam.  Mathe- 
matical considerations  show  that  there  is  a  single  beam 
of  light  in  any  arbitrary  direction,  and  that  all  such 
beams  move  with  the  velocity  of  light. 
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The  postulates  thus  far  employed  hold  in  classical 
physics,  except  that  gravitation  is  supposed  to  be  prop- 
agated with  infinite  velocity,  in  contradiction  with  the 
postulate  of  causation.  Leaving  aside  the  law  of  grav- 
itation, we  may  say  that  the  causal  equation  in  the 
classical  theory  may  be  written  in  the  special  form 

dt^  -  dx^  -  dy''  -  dz"  =  0, 

where  t,  x,  y,  and  z  denote  the  usual  space  and  time 
coordinates.  Inside  of  matter,  where  the  velocity  of 
light  is  less  than  1,  as  ordinarily  measured,  this  equa- 
tion requires  special  interpretation.  However,  since 
this  measured  velocity  is  less  than  1  in  a  gas  when  the 
disturbance  velocity  is  certainly  1,  we  shall  assume  that 
the  same  is  true  for  all  matter. 

If  we  accept  also  the  account  of  gravitation  given  in 
that    theory,    the    corresponding    equation   takes   the 

degenerate  form 

dt^  =  0, 

inasmuch  as  the  causal  gravitational  wave  is  propagated 
instantly. 

In  order  to  proceed  further,  it  is  convenient  to  exam- 
ine in  more  detail  the  most  simple  case  of  space-time, 
namely,  that  devoid  of  matter.  Such  a  type  of  space- 
time  is  nearly  realized  in  parts  of  interstellar  space 
remote  from  any  considerable  body  of  matter.  This 
type  of  space-time  will  be  called  isometric,  inasmuch 
as  it  is  alike  in  all  of  its  parts. 

IV.  The  Isometric  Postulate.  All  parts  of  iso- 
metric space-time  are  indistinguishable  in  physical  prop- 
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erties,  and  are  such  that  the  path  of  a  particle  (actual  or 
hypothetical)  is  fixed  by  its  initial  position  and  velocity. 

The  notion  of  the  particle  or  minute  small  distribu- 
tion of  matter  has  not  as  yet  been  made  use  of.  It 
seems  impossible  to  avoid  the  notion  during  the  process 
of  development  of  any  physical  theory,  although,  in 
the  form  here  obtained,  the  particle  will  be  nothing 
more  than  a  one-dimensional  locus  in  space-time  with 
certain  characteristics.  In  particular,  if  one  of  the 
physical  quantities  of  the  field  has  a  definite  value 
along  the  same  line,  but  vanishes  near  by,  then  evidently 
this  line  may  be  considered  as  the  world-line  of  a  kind 
of  particle.  It  is  in  some  such  sense  as  this  that  the 
idealized  particle  may  be  said  to  exist,  namely,  as  a 
singular  line  of  the  field. 

In  isometric  space-time  the  electromagnetic  as  well 
as  the  gravitational  forces  are  negligible.  The  motion 
of  any  small  stable  distribution  of  matter  and  elec- 
tricity, called  a  particle,  in  isometric  space-time  is  con- 
sidered to  be  the  same  as  of  any  other  particle  with 
the  same  initial  position  and  velocity.  This  would 
not  be  true  if  an  exterior  electromagnetic  field  were 
present.  Hence  the  second  part  of  the  postulate  can- 
not be  regarded  as  valid  in  an  empty  electromagnetic 
field. 

On  the  basis  of  the  new  postulate  it  is  possible  to  go 
forward  with  the  mathematical  analysis  of  isometric 
space-time.  Once  again  it  is  desirable  to  limit  atten- 
tion to  the  highly  analogous  case  of  a  hypothetical 
two-dimensional  space-time,  in  order  to  simplify  the 
mathematical  development  as  far  as  possible.     For  con- 
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venience,  let  us  assume  that  the  kind  of  coordinates 
used  before  are  still  employed,  so  that  the  velocity  of 
light  to  right  and  to  left  is  unity. 

Consider  any  event  P  and  a  hypothetical  particle  at 
the  event.  That  particle  may  stand  in  the  same  physi- 
cal relation  to  the  space-time  as  does  every  other  par- 
ticle at  P.  In  other  words,  if  any  two  hypothetical 
particles  with  differing  velocities  pass  each  other  at  an 
event,  then  it  may  happen  that,  despite  the  difference 
in  velocities,  each  is  in  the  same  physical  situation. 
This  is  the  case  of  relativity  of  course,  but  there  is 
nothing  in  the  preceding  set  of  postulates  which  re- 
quires such  an  extremely  simple  condition  of  affairs. 
For  the  present  we  shall  suppose  that  we  are  confronted 
by  the  general  case,  when  the  two  particles  are  not  in 
the  same  situation.  It  will  be  apparent  later  how  our 
conclusions  apply  even  in  the  special  case  of  relativity. 

If  along  with  the  particle  M  at  the  event  P,  we  con- 
sider a  second  arbitrary  event  Q  and  a  particle  N  at  Q, 
then  clearly  it  must  be  possible  to  choose  N  so  that  it 
stands  in  the  same  relation  to  the  space-time  about 
Q  as  N  does  to  the  space-time  about  P.  This  is  true 
because  isometric  space-time  is  essentially  the  same 
about  Q  and  about  P  according  to  the  postulate.  But 
in  setting  up  coordinates  at  a  particle  it  is  necessary 
to  select  arbitrarily  a  direction  in  the  spatial  line  as  to 
the  right  and  the  other  as  to  the  left.  Now  we  propose 
to  interpret  the  isometric  postulate  in  the  sense  that 
there  is  no  physical  difference  in  these  directions ;  in 
the  case  of  four-dimensions  an  analogous  interpretation 
is  to  be  made  as  to  the  physical  indifference  of  spatial 
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direction  in  isometric  space-time.  Hence  there  will  be 
two  possible  choices  of  the  particle  iV  at  Q  to  correspond 
to  M  at  P,  according  as  M  and  N  are  assigned  the  same 
right  and  left  directions  or  opposite  directions.  In 
particular  if  the  events  P  and  Q  are  made  to  coincide, 
there  will  correspond  to  M  a  particle  A^  whose  relation 
to  the  space-time  about  P  =  Q  is  the  same  as  that  of 
N,  save  that  right  and  left  are  interchanged.  In  this 
case  we  will  say  that  AI  and  A^  are  homologous  par- 
ticles at  the  event. 

Imagine  an  infinite  series  of  hypothetical  particles  M 
at  the  event  P,  whose  velocities  range  from  the  extreme 
velocity  of  light  to  the  left  to  that  of  light  to  the  right, 
increasing  from  one  velocity  to  the  other.  The  homol- 
ogous particles  N  must  be  arranged  in  a  similar  series 
in  which  the  velocity  decreases  from  the  velocity  of 
light  to  the  right  to  the  velocity  of  light  to  the  left.  Of 
course  these  two  homologous  series  are  entirely  h^^po- 
thetical  in  character.  There  will  be  one  intermediate 
velocit}^  which  is  the  same  for  M  as  for  N,  so  that  the 
corresponding  particle  is  homologous  to  itself.  Such  a 
particle  has  the  remarkable  property  that  the  space- 
time  at  P  has  the  same  relation  to  it,  whatever  con- 
vention as  to  right  and  left  is  adopted.  Evidently  a 
particle  in  this  self-homologous  condition  at  an  event 
P  will  continue  so  indefinitely.  We  shall  call  it  a  self- 
homologous  particle  in  consequence.  Through  each 
point  of  the  plane  representing  the  space-time  contin- 
uum of  two  dimensions,  there  will  then  be  a  straight 
line  or  a  curve  representing  the  world  line  of  the  self- 
homologous  particle  at  the  corresponding  event. 
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Our  next  step  will  be  to  use  such  a  particle  as  refer- 
ence particle  for  determining  a  system  of  coordinates 
which  belongs  to  it.  Let  us  begin  by  observing  how  the 
notion  of  local  time  at  such  self-homologous  particles 
is  involved  in  the  principles  already  accepted.  If  P' 
is  an  event  near  to  P  at  the  self-homologous  particle 
M,  then  there  is  evidently  one  and  only  one  event  Q' 
near  to  Q  at  the  world  line  of  another  such  particle  Nj 
which  stands  in  the  same  relation  to  Q  as  P'  does  to  P. 
It  is  to  be  noted  that,  because  of  the  alikeness  of  space- 
time  in  all  of  its  parts,  the  self-homologous  particles 
M  and  N  at  P  and  Q,  respectively,  are  in  precisely  the 
same  physical  condition  relative  to  the  space-time.  If 
we  select  a  second  event  P"  at  M,  so  that  P"  is  related  to 
P'  as  P'  is  to  P,  then  we  may  say  that  the  interval  of 
local  time  at  M  between  P  and  P'  is  the  same  as  that 
between  P'  and  P",  or  between  Q  and  Q'  at  N.  Thus 
a  process  of  comparing  time  intervals  at  all  self-homol- 
ogous particles  arises  which  gives  a  perfectly  definite 
system  of  time  measurement,  once  the  unit  of  time  (say 
the  second)  has  been  selected.  Any  instrument  by  the 
aid  of  which  this  physically  significant  quantity  can 
be  measured  will  be  called  a  clock,  and  the  quantity 
measured  will  be  termed  local  time  at  the  particle. 

By  the  aid  of  light-signaling  and  such  a  clock  at  the 
arbitrary  self-homologous  particle  M,  it  is  possible  to 
set  up  the  desired  system  of  space-time  measurement, 
relative  to  M.  Let  ti  denote  the  local  time  on  the 
clock  at  which  a  light  wave  is  sent  out  from  M  to  the 
right,  and  ^2  the  time  when  the  reflected  wave  to  the 
left  returns  after  meeting  another  hypothetical  particle 
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at  an  event  Q.  Then,  according  to  the  classical  tech- 
nique for  locating  Q  when  M  is  absolutely  at  rest,  the 
distance  of  Q  in  light-seconds  to  the  right  is  given  by 


X  = 

and  the  time  of  Q  is 

t  = 


U  -  ti 
2      ' 

t2    +    ^1 


seconds  after  the  epoch.  By  definition  we  adopt  these 
as  the  space  and  time  coordinates  of  Q  for  the  self- 
homologous  particle  M.  A  little  consideration  shows 
that,  owing  to  the  manner  of  definition,  light  travels 
with  unit  velocity  to  right  and  left  as  measured  in 
these  coordinates,  so  that  the  new  coordinates  are  of 
the  special  type  which  we  have  found  useful. 

In  these  coordinates  relative  to  M,  let  us  consider 
the  nature  of  the  motion  of  any  other  self-homologous 
particle  such  as  N,  which  at  any  particular  instant  (in 
ikf 's  coordinates)  lies  at  a  definite  distance  from  M.  If 
N  is  either  approaching  or  receding  from  M  at  this 
instant,  then  obviously  the  space-time  is  not  the  same 
in  its  nature  when  the  sense  in  which  time  is  thought 
of  as  elapsing  is  reversed.  The  meaning  of  complete 
reversion  is  manifest,  for  light  waves,  particles,  and 
clocks  may  be  taken  to  operate  in  the  reverse  order. 
The  requirement  of  such  reversibility  in  time  has  al- 
ways been  imposed  in  physics.  Just  as  the  require- 
ment was  imposed  that  the  direction  along  the  space 
axis  is  indifferent,  so  now  we  require  that  the  direction 
of  increasing  time  along  the  time  axis  is  indifferent. 


124  INFLUENCE  OF  RELATIVITY 

These  conditions  are  to  be  regarded  as  part  of  the 
isometric  postulate. 

Hence  we  can  infer  that  N  is  at  rest  with  respect  to 
M  at  this  instant,  and  so  always.  Therefore,  the  self- 
homologous  particles  are  merely  those  relatively  at 
rest  with  respect  to  the  particular  self-homologous 
particle  M,  in  ikf' s  coordinates.  Furthermore,  if  light 
flashes  back  and  forth  between  two  self-homologous 
particles  relatively  at  rest,  the  interval  of  time  elapsed 
at  either  between  successive  flashes  must  be  the  same 
on  the  clocks  at  both  particles.  From  these  facts  it 
follows  that  the  coordinates  of  N  differ  from  those  of 
M  merely  by  constants. 

Thus,  in  the  general  case,  an  absolute  space  and 
an  absolute  time  underlie  the  isometric  space-time  with 
which  we  started ;  these  are  the  space  and  time  com- 
mon to  all  of  the  self-homologous  reference  particles. 
In  the  corresponding  coordinates  t,  x,  the  differential 
quadratic  expression 

has  then  a  meaning  independent  of  the  particle  with 
which  we  begin,  and  so  measures  a  physically  signifi- 
cant quantity  between  any  two  near-by  events  t,  x,  and 
t  -\-  dt,  X  -\-  dx.  We  shall  term  this  quantity  ds  the 
element  of  local  time  elapsing  at  a  particle  which  moves 
so  as  to  contain  both  events.  This  definition  is  con- 
sistent with  our  definition  of  local  time  in  the  case  of 
self-homologous  particles,  for  then  dx  =  0  and  ds  =  dt. 
There  must  of  course  be  a  type  of  physical  clock  which 
measures  this  particular  type  of  local  time. 
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In  the  coordinates  of  the  set  of  self-homologous 
particles,  the  acceleration  of  any  particle  not  of  this 
type  is  clearly  a  function  of  its  velocity,  i.e.,  a  differen- 
tial equation  holds, 

(Px  _  r  /dx\ 
~d^  ~  '^  \di)' 

This  equation  must  be  unaltered  if  x  is  changed  to  —  x 
and  also  if  t  is  changed  to  —  t,  in  accordance  with  the 
reversibility  of  space  and  time.  But  it  cannot  be  so 
unaltered  unless  /  vanishes.  Hence  the  acceleration 
of  such  a  particle  vanishes  always,  and  its  motion  will 
be  with  constant  velocity  to  left  or  to  right. 

Along  a  light  wave  we  have  dx  =  ±  dt,  so  that  ds 
vanishes.  Hence,  if  a  particle  moves  with  the  speed  of 
light,  local  time  (as  defined)  does  not  elapse  at  the 
particle. 

Thus  far  we  have  assumed  that  not  all  of  the  hypo- 
thetical particles  at  an  event  are  related  to  their  en- 
vironment in  exactly  the  same  way,  and  we  have  been 
able  to  arrive  at  the  conclusion  that  an  underlying 
absolute  space  and  time  exist.  It  is  conceivable,  how- 
ever, that  all  particles  stand  on  exactly  the  same  physi- 
cal basis.  In  fact  such  is  the  situation  called  for  in 
relativity. 

This  special  case  can  be  treated  by  methods  which 
are  not  very  different  from  those  used  above.  In  the 
first  place  every  particle  will  be  self-homologous. 
Hence,  local  time  can  be  defined  in  the  same  way  for 
all  of  them.  Furthermore,  there  can  be  set  up  by  use 
of  clocks  and  light  signals  a  set  of  coordinates  relative 
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to  any  assigned  particle.  As  before,  these  coordinate 
systems  will  have  the  property  that  light  travels  with 
unit  velocity  in  either  direction  in  any  such  system. 

Choose  now  one  such  system.  The  acceleration  of 
any  other  particle  with  prescribed  velocity  at  any  defi- 
nite event  is  then  determinate,  in  accordance  with  the 
latter  part  of  the  isometric  postulate.  This  fact  is 
expressed  in  a  differential  equation  of  the  second  order, 

where  the  variable  t  does  not  appear  on  the  right-hand 
side  inasmuch  as  the  law  must  be  independent  of  the 
epoch  from  which  time  is  measured  at  the  reference 
particle.  Unless  there  exists  an  absolute  unit  of  time 
and  of  distance  in  the  isometric  space-time,  this  differ- 
ential equation  must  be  unaltered  in  form  when  these 
units  are  changed  in  the  same  ratio,  i.e.,  when  the 
second  and  the  light-second  are  changed  together. 
Mathematically,  this  means  that  the  right-hand  mem- 
ber, like  the  left-hand  member,  is  divided  by  k  when  t 
and  X  are  changed  to  kt  and  kx  respectively.  Hence 
the  equation  is  of  the  more  restricted  form 


li^  "  x\~di)' 


However,  this  yields  a  singularity  when  the  particle 
coincides  with  the  reference  particle  at  an  event  (x  =  0), 
unless  /  vanishes  identically  for  all  values  of  its  argu- 
ment. To  avoid  this  difficulty  we  must  require  /  to 
vanish.     Hence  the  apparent  acceleration  of  any  par- 
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tide  vanishes  always,  and  the  motion  of  any  particle 
in  the  space  and  time  of  the  selected  reference  particle 
is  with  constant  velocity.  Consequently,  in  the  space- 
time  diagram  the  world  lines  of  all  particles  are  repre- 
sented by  straight  lines.  This  was  true  in  the  general 
case  also. 

Thus,  we  can  assert  that  there  exist  hypothetical 
particles  at  any  distance  from  a  given  reference  particle 
which  remain  at  rest  with  respect  to  it.  The  coordi- 
nates of  all  such  particles  are  essentially  the  same,  just 
as  they  were  for  the  self-homologous  particles  in  the 
general  case.  The  expression  for  ds  will  have  a  signifi- 
cance for  such  a  set  of  reference  particles.  There  is 
no  obvious  necessity  that  the  ds  so  defined  is  the  same 
as  the  measured  local  time. 

The  relation  between  the  coordinates  of  particles  M 
and  M\  however,  is  easily  shown  to  be  linear,  since 
straight  lines  in  one  representation  correspond  to 
straight  lines  in  the  other.  Also,  the  straight  lines  with 
slope  1  correspond,  since  these  represent  light  waves. 
Hence  it  follows  that 

t'  =  at  -{-  ^x,  x'  =  (3t  -{-  ax. 

By  solving  for  t  and  x,  this  gives 

^  at'  -  ^x'       ^-  (3t'  -{-  ax' 
a^  _  ^2  '  ^  a2  _  ^2      • 

If  we  compute  the  velocity  of  the  second  particle 
(x'  =  0)  relative  to  the  first,  we  find  the  numerical 
value  —  jS/a,  while  for  the  first  particle  relative  to  the 
second  it  is  /3/q:.     If  the  relationship  is  to  be   recip- 
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rocal,  as  stated,  we  have  necessarily  a^  —  /S-  =  1,  and 
thence 

dt'^  -  dx""  =  dt^  -  dx\ 

Hence  ds  has  the  same  physical  significance  always 
and  must  be  the  true  element  of  local  time,  since  it  is 
for  the  reference  particle  chosen. 

In  this  way,  the  preceding  postulate  yields  two 
alternatives.  In  the  first  there  is  an  absolute  space 
and  time,  and  the  formula  for  ds  yields  one  kind  of 
local  time.  But  t  furnishes  another  measurable  type  of 
time.  In  the  second  relativistic  case  all  particles  are  on 
a  complete  parity  relative  to  the  space-time  ;  the  same 
ds  measures  local  time  in  the  only  proper  sense  for  all 
particles.  The  first  possibility  is  eliminated  by  the  next 
postulate. 

V.  Postulate  of  Local  Time.  All  local  clocks  run 
at  the  same  rate  when  compared  at  any  particle. 

If  this  postulate  does  not  hold,  two  clocks  which  are 
in  agreement  at  a  particle  M  may  go  at  a  different  rate 
at  a  particle  A^.  The  question  then  arises  as  to  which 
clock  really  measures  the  true  interval  of  local  time, 
and  of  course  no  satisfactory  answer  to  this  question 
can  be  given.  But  in  the  classical  case  there  were 
defined  two  types  of  time,  measured  by  ds  and  dt. 
Hence  this  possibility  is  excluded  by  the  new  postulate, 
and  we  are  led  to  the  special  theory  of  relativity. 
Thus,  the  preceding  postulate  is  the  one  which  requires 
relativity.  We  might  have  expected  this  effect  of  the 
postulate,  for,  if  there  were  an  underlying  absolute 
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space  and  time,  it  would  be  natural  that  motion  in 
this  space  would  affect  the  mechanisms  of  different 
local  clocks  differently. 

Hence,  for  three-dimensional  space  the  lapse  of  local 
time  is  given  by  the  equation 

ds^  =  dt^  —  dx^  —  dy"^  —  dz^, 

where  the  coordinates  selected  are  those  obtained  by 
light-signaling  methods.  In  such  coordinate  systems 
all  particles  move  with  constant  velocities  in  straight 
lines,  and  light  beams  do  the  same  but  with  unit 
velocity. 

Let  us  consider  next  a  type  of  space-time  which 
follows  the  isometric  case  in  simplicity,  namely  that 
furnished  by  the  gravitational  field  in  empty  space. 
(Here  only  fields  are  considered  in  which  there  are  no 
electromagnetic  disturbances.)  In  such  a  field  the  iso- 
metric postulate  cannot  be  satisfied,  for  it  is  impossible 
to  obtain  coordinates  of  the  special  type  t,  x,  y,  z  just 
referred  to.  In  fact,  when  light-signaling  methods  are 
adopted  for  setting  up  coordinate  systems,  bodies  like 
the  earth  are  found  to  follow  curved  paths  and  not 
straight  lines.  These  divergences  have  been  ascribed 
to  gravitational  forces ;  in  other  words  a  correction 
has  been  superposed  on  the  fictitious  straight  lines  re- 
quired by  the  postulational  development  in  isometric 
space.  It  is  preferable  to  devise  postulates  which 
take  account  of  the  physical  facts  at  the  outset.  A 
fundamental  approach  of  this  sort  is  furnished  by  the 
principle  of  equivalence  of  Einstein,  which  may  be  stated 
in  the  following  form. 
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VI.  Postulate  of  Equivalence.  In  properly 
taken  coordinates  the  gravitational  field  about  an  event 
is  equivalent  to  isometric  space-time. 

This  postulate  will  be  developed  in  what  seems  to  be 
the  natural  manner.  The  postulate  itself  is  strongly 
suggested  by  the  behavior  of  a  body  moving  freely  in 
a  gravitational  field.  The  case  cited  in  Chapter  III 
of  the  freely  falling  elevator,  relative  to  which  gravi- 
tational forces  disappear,  illustrates  the  equivalence 
specified. 

In  the  first  place  we  can  expect  that  in  properly 
taken  coordinates,  t,  x,  y,  z  Sit  sl  single  event  we  shall 

have 

ds^  =  df  —  dx^  —  dy-  —  dz'^, 

where  ds  is  the  element  of  local  time  at  any  particle 
passing  through  the  event  under  consideration.  Trans- 
lated in  terms  of  general  coordinates,  this  means  that 
there  exists  a  quadratic  differential  form 

ds'^  =  Qa^dXadxp, 

having  physical  significance.  This  conclusion  is  of 
vital  significance  for  the  mathematical  development, 
for  it  implies  that  the  machinery  of  the  tensor  calculus 
can  be  employed. 

Secondly,  it  is  natural  to  assume  that,  for  ds  so  de- 
fined, the  relation  ds  =  0  holds  along  the  light  wave, 
as  it  does  in  the  isometric  case. 

Finally,  this  postulate  is  understood  to  imply  that, 
if  these  special  coordinates  t,  x,  y,  z  are  so  chosen  that 
all  the  coefficients  ga  are  stationary  at  the  event  under 
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consideration  and  so  as  nearly  constant  as  possible, 
the  particles  are  without  acceleration  at  the  event. 
This  implies  that  the  world  lines  of  particles  are  geo- 
desic (i.e.,  shortest  or  longest)  lines  in  the  space- 
time. 

It  remains  to  formulate  the  condition  that  the  differ- 
ential form  is  one  that  actually  belongs  to  an  empty 
gravitational  field.  We  shall  do  this  by  means  of  the 
following  postulate. 

VII.  Postulate  of  the  Gravitational  Field.  The 
field  conditions  imposed  upon  the  functions  gtj  in  order 
that  they  may  belong  to  an  empty  gravitational  field  do  not 
depend  upon  their  derivatives  of  higher  than  the  second 
order. 

It  is  desirable  to  develop  the  meaning  of  this  postu- 
late. There  can  be  no  equations  involving  the  ^t/s 
and  their  derivatives  of  only  the  first  order,  which 
describe  an  intrinsic  property  of  the  field,  for,  by  proper 
choice  of  coordinates,  the  p'i/s  and  their  first  derivatives 
can  be  made  to  take  arbitrary  values.  But  there  are 
such  equations  of  the  second  order,  of  which  the  sim- 
plest are  linear  in  these  second  derivatives. 

There  are  known  to  be  essentially  only  three  types 
of  such  linear  conditions.^  If  Rnki  denotes  the  so- 
called  Riemannian  curvature  tensor, 

^^■^■'^  "  2  dx^dx,  +   •  •  •  > 

'See  Chapter  XITI  of  my  book,  Relativity  and  Modern  Physics.    Cam- 
bridge, 1923. 
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and  if  Rij  and  7^  denote  its  first  and  second  contracted 
tensors  respectively,  these  conditions  are 

R  =  0,      Rij  =  0,      Rijki  =  0. 

The  first  in  no  way  determines  the  field  functions  Qij ; 
the  last  requires  the  space-time  to  be  isometric  and  so  is 
too  restrictive.  The  intermediate  case  effects  precisely 
the  desired  kind  of  determination  of  the  functions  ga. 

This  intermediate  form  of  condition  can  be  proved 
to  be  essentially  equivalent  to  the  field  conditions  of 
gravitation  selected  by  Einstein  : 

Rij  —  i  Rgij  =  0. 

With  a  high  degree  of  approximation  these  conditions 
yield  the  familiar  gravitational  law  of  Newton. 

The  gravitational  theory  of  relativity  thus  obtained 
is  evidently  a  theory  of  empty  space  rather  than  of 
space  where  matter  is.  According  to  it,  gravitational 
effects  are  propagated  with  the  speed  of  light. 

Let  us  see  how  we  are  enabled  to  proceed  to  formu- 
late certain  delicate  experimental  tests  without  making 
any  further  assumptions.  These  tests  are  to  be  carried 
out  in  the  strong  gravitational  field  of  the  sun. 

The  solar  gravitational  field  seems  to  possess  radial 
symmetry  about  the  sun.  Let  the  equally  reasonable 
hypothesis  be  granted  also  that  solar  space-time  is 
substantially  isometric  at  a  very  great  distance  away. 
A  definite  formula  for  ds^, 

ds^  =  (l  -  —\de ^ r'^idd''  +  sin26>  d(t>''), 

\  r  J  1  _  ^  ^ 
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{r,  radial  distance ;  </>,  solar  longitude ;  9,  solar  colati- 
tude)  then  follows.  Only  a  single  arbitrary  constant 
m  is  involved,  and  it  represents  the  mass  of  the  sun. 
By  means  of  the  formula  certain  delicate  quantitative 
tests  of  the  new  theory  can  be  made.  The  advance  of 
perihelion  of  the  planet  JMercury,  the  bending  of  star 
light  near  the  sun,  and  the  shift  toward  the  red  in  the 
solar  spectrum  confirm  the  new  theory.  (See  Chap- 
ter IV.) 

Thus  the  relativistic  theor^^  of  gravitation  follows 
from  a  few  plausible  physical  principles  which  are  in 
no  way  dependent  upon  any  particular  h}^otheses  con- 
cerning the  structure  of  matter.  Its  agreement  with 
the  facts  has  been  so  complete  as  to  lead  to  general 
acceptance  of  the  theory. 

The  last  postulate  which  we  propose  to  include  with 
the  general  principles  may  be  formulated  as  follows : 

VIII.  Postulate  OF  Stability.  There  exist  physical 
states  which  are  of  static  type,  andichich  are  stable,  so  that 
small  disturbances  remain  small  for  all  time. 

The  earlier  postulates  require  that  the  laws  of  nature 
can  be  expressed  by  means  of  certain  kinds  of  differ- 
ential equations ;  the  new  postulate  gives  further  in- 
formation concerning  the  structure  of  these  equations. 
To  begin  with,  it  demands  the  existence  of  a  particular 
choice  of  coordinates  Xi,  and  of  corresponding  field 
functions,  p,  q,  r  .  .  .  ,  such  that  none  of  the  physical 
quantities  change  with  the  time  Xi.  These  will  corre- 
spond to  a  possible  physical  state  of  static  tj^e. 

The  idea  of  the  possible  states  of  a  physical  system 
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is  an  interesting  one,  deserving  of  special  remark.  In 
any  set  of  partial  differential  equations,  some  of  the 
dependent  variables  can  be  taken  arbitrarily.  For 
example,  the  initial  form  and  velocity  of  a  stretched 
elastic  string  can  be  prescribed  at  pleasure ;  this  fact 
is  obvious  as  soon  as  the  differential  equation  of  the 
stretched  elastic  string  is  written  down.  All  such 
infinitely  many  possible  states  of  a  physical  system  are 
in  harmony  with  the  differential  equations  which  con- 
trol it.  The  actual  order  of  nature  appears  as  the 
development  of  one  of  the  possible  states. 

The  essential  arbitrary  elements  in  a  system  of  par- 
tial differential  equations  in  four  independent  variables, 
such  as  we  have  to  deal  with,  will  be  arbitrary  functions 
of  three  variables.  For  instance,  such  arbitrary  ele- 
ments are  provided  by  the  initial  densities  and  veloci- 
ties of  matter  and  electricity.  Thus,  it  is  inevitable 
that  the  initial  distribution  of  matter  and  electricity 
making  up  the  atom  is  arbitrary,  as  far  as  the  differ- 
ential equations  are  concerned.  Of  course,  to  the 
greatest  possible  extent  the  original  state  must  be  fixed 
by  means  of  auxiliary  ^^  boundary  conditions."  But 
there  will  still  necessarily  remain  arbitrary  elements, 
such  as  those  determining  the  distribution  of  the  atoms 
in  space. 

Since  the  differential  equations  cannot  involve  the 
time  Xi  explicitly,  because  of  the  principle  of  uniformity, 
it  follows  that  when  the  time  variable  Xi  is  suppressed, 
there  will  remain  a  set  of  differential  equations  in  the 
dependent  variables  p,  q,  r,  .  .  .  ,  but  in  only  three 
independent  variables  x^,  x^,  x^.     There  will  be  as  many 
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equations  as  there  are  unknown  quantities.  There- 
fore, static  states  are  to  be  expected,  even  on  the  basis 
of  the  former  postulates  alone.  By  continuing  further 
in  the  same  direction,  it  is  obvious  that  there  are  hkely 
to  exist  static  states  dependent  upon  even  fewer  space 
variables.  It  is  these  particularly  uniform  states 
which  the  physicist  treats  in  his  experimental  work. 
Isometric  space-time  gives  the  completely  uniform 
condition,  in  which  it  seems  obvious  that  all  of  the 
physical  quantities  p,  q,  .  ,  .  can  be  regarded  as  mere 
constants. 

Now  certain  nearly  static  states  found  in  nature 
seem  to  be  maintained  permanently,  despite  the  fact 
that  they  are  subjected  to  minor  disturbances.  Iso- 
metric space-time  is  continually  disturbed  by  the 
passage  of  light  waves  through  it,  but  the  ensuing  modi- 
fication is  altogether  transient  in  effect.  The  atoms 
and  electrons  are  endowed  with  a  like  permanency. 
The  new  postulate  requires  not  only  the  possibility  of 
static  states,  but  also  their  stability  in  this  sense.  In 
order  to  arrive  at  a  well-founded  opinion  as  to  the  real 
condition  involved,  it  is  essential  first  to  consider  the 
condition  for  stability  as  it  has  been  developed  in  classi- 
cal physics. 

Take  first  the  d^mamical  system  with  a  "  finite 
number  of  degrees  of  freedom."  Here  there  are  usu- 
ally certain  coordinates, 

Ph  P2,    .    .    .   Pn, 
defining  position,  and  certain  coordinates, 

Qi,  0^2,  ..  .  qn, 
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which  determine  the  velocities.  By  a  proper  choice 
of  such  variables  and  a  proper  combination  of  the 
mathematical  equations  expressing  the  physical  facts, 
the  differential  equation  of  the  system  can  be  given 
the  ''  canonical  Hamiltonian  form  " 

dpi  _  _  dH         dqi  _  dH 
dt  dQi'  dt        dpi 

A  value  independent  of  any  ordinary  physical  prin- 
ciple has  been  attributed  to  these  equations,  because 
they  are  derivable  from  a  single  ''  minimum  principle  '^ 


/ 


(^Piq/  —  H)dt  =  minimum. 


The  function  H  under  the  integral  sign  stands  for 
the  total  energy,  so  that  at  first  sight  it  seems  to  be 
a  genuine  physical  principle  that  is  involved.  But 
it  is  necessary  that  the  energy  H  be  expressed  in  a 
certain  arbitrary  manner  if  the  proper  equations  are 
to  result.  If  we  write  dH/dpi  for  q/  under  the  integral 
sign  (a  correct  process),  the  same  variation  yields  the 
wrong  equations.  Thus  there  is  a  concealed  arti- 
ficiality in  the  '^  minimum  principle." 

In  my  opinion,  the  importance  of  the  Hamiltonian 
form  of  equations  for  dynamical  systems  with  a  finite 
or  infinite  number  of  degrees  of  freedom  lies  solely  in 
the  fact  that  the  very  delicate  conditions  for  stability, 
first  completely  enunciated  by  Poincare,^  hold  for 
these  equations  provided  that  obviously  necessary 
inequalities  are  satisfied  by  the  periodic  motion  under 

*  Les  Methodcs  Nouvcllcs  de  la  Mecaniquc  Celeste,  vol.  1. 
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consideration.  A  variety  of  minimum  principles  that 
may  be  formulated  have  the  common  characteristic 
that  they  lead  to  systems  of  differential  equations 
possessing  the  same  type  of  stability,  whether  or  not 
the  equations  have  a  physical  origin. 

However,  in  the  highly  fluidic  space-time  which  we 
are  considering,  it  is  merely  stability  about  the  static 
state  which  it  is  necessary  to  demand.  In  order  that 
this  condition  shall  obtain  in  the  simpler  case  of  a 
dynamical  system  with  a  finite  number  of  degrees  of 
freedom,  considered  above,  it  is  by  no  means  requisite 
that  the  equations  be  derived  from  some  minimum 
principle.  Thus  a  system  of  differential  equations  of 
the  very  general  type 

will  possess  such  stability  about  the  equilibrium  state 

X\    =    X2    ==•••=    Xn    =    U, 

if  only  there  is  a  function  F  such  that 

dxi  dX2  dXn 

where  in  the  series  expansion  for  F, 
F  =  anXi^  +  2  auXiX2  +  •  •  •  +  annXj  +  amXi^  + 


J 


the  quadratic  terms  constitute  a  ^'  positive,  definite 
quadratic  form."  In  this  case  F  =  constant  is  an 
integral.  Evidently  such  equations  do  not  flow  in 
general  from  a  minimum  principle. 
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With  these  facts  in  mind  let  us  ask  again  what  the 
requirement  of  stabihty  means  in  relativistic  space-time. 

It  is  a  consequence  of  the  previous  assumptions  that 
the  differential  equations  are  of  tensor  form  and  that  the 
reversibility  of  the  order  of  time  is  possible.  If  then 
there  are  slight  disturbances  of  a  static  state  which 
result  in  subsequent  large  variations,  there  must  be 
other  slight  disturbances  in  which  the  variations  tend 
to  disappear. 

When  a  nearly  static  state  is  at  hand,  however,  the 
amount  of  disturbance  may  be  measurable  as  '^  energy  '^ 
which  will  be  less,  the  more  the  static  state  is  approxi- 
mated to ;  and  this  energy  may  be  dissipated  as  elec- 
tromagnetic radiation  outward  in  empty  space. 

Hence  if  the  laws  laid  down  are  such  that,  at  low 
velocities  of  matter  and  electricity,  these  indicate  the 
dissipation  of  the  energy  of  a  slight  disturbance  as  elec- 
tromagnetic radiation,  the  desired  stability  will  be 
sufficiently  ensured. 

Under  special  conditions  the  rate  of  dissipation  may 
be  exceedingly  slow.  Such  a  condition  is  that  in  which 
the  laws  of  classical  dynamics  may  be  expected  to  hold 
approximately. 


CHAPTER  VII 

THE   STRUCTURE    OF   MATTER   IN   THE   NEW   PHYSICS 

Various  points  of  view  may  be  taken  in  the  endeavor 
to  construct  a  satisfactory  account  of  the  detailed 
structure  of  matter.  All  the  experimental  evidence 
shows  only  about  one  hundred  kinds  of  elements  dis- 
tributed throughout  the  phj^sical  universe,  these  ele- 
ments themselves  being  in  intimate  relationships,  as  is 
manifested  in  the  so-called  periodic  table.  In  partic- 
ular, the  h3^drogen  nucleus,  carrying  a  positive  charge, 
and  the  electron,  with  an  equal  negative  charge,  have 
been  conjectured  to  be  basic  constituents.  It  is  these 
alone  which,  arranged  in  the  various  possible  stable 
configurations,  are  held  to  form  the  atoms  of  the  known 
chemical  elements.  Ordinary  ponderable  matter  would 
then  consist  of  extraordinarily  large  numbers  of  such 
atomic  or  molecular  parts.  Apparently  the  known 
facts  can  be.  satisfactorily  accounted  for  only  in  this 
way. 

The  account  to  be  given  here  has  developed  in  an 
attempt  to  elaborate  a  theory  of  the  structure  of  matter 
which  possesses  great  mathematical  simplicity.  It 
may  be  worthy  of  mention  that  a  single  final  tensor 
equation  contains  the  theory  proposed.  In  order 
really  to  test  it,  considerably  more  elaboration  needs 
to  be  made  than  is  attempted  here. 

139 


140  INFLUENCE  OF  RELATIVITY 

In  conformity  with  the  general  scheme  of  approach 
begun  in  the  preceding  chapter,  in  which  we  passed 
from  entirely  empty  space  to  the  gravitational  field  in 
empty  space  near  matter,  let  us  take  up  another 
idealized  state  which  may  be  compatible  with  nature. 

In  the  first  place  let  us  suppose  that  there  is  a  swarm 
of  fine  particles,  all  of  which  are  identical  physically, 
and  so  remote  from  one  another  as  to  collide  very 
seldom,  so  that  there  is  no  pressure  effect.  Such  a 
situation  might  be  realized  in  a  nebula.  It  will  be 
assumed  that  these  particles  are  so  minute  as  not  to 
disturb  one  another  gravitationally,  nor  to  affect  the 
isometric  nature  of  the  space-time  to  any  appreciable 
extent.  Hence  these  particles  will  move  with  uniform 
velocity  in  a  straight  line  in  the  coordinates  obtained 
by  light-signaling  methods. 

With  the  coordinates  belonging  to  any  one  of  these 
particles,  the  number  of  other  particles  in  a  unit  cube 
of  which  it  is  at  the  center,  is  proportional  to  what  may 
be  termed  the  density  of  the  distribution.  Let  us  de- 
note this  quantity  in  proper  units  by  p.  It  is  approxi- 
mately a  field  function  of  the  type  admitted  by  the 
second  postulate  of  last  chapter,  and  is  invariant  under 
a  change  of  coordinates,  for  p  has  definite  physical 
meaning. 

On  the  other  hand  the  velocity  components  of  any 
particle  are  given  by 

dx2  dxs  dxj 

dxi  dx\  dx\ 

or  equally  by  the  first  order  velocity  tensor 
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ds ' 

These  functions  u^  are  four  additional  field  functions. 

In  the  idealized  case  which  is  approached  as  the 
particles  are  distributed  more  and  more  densely,  while 
the  particles  themselves  become  of  extremely  minute 
dimensions,  there  arises  a  continuous  distribution  of 
'^  free  matter."  It  is  obvious  that  the  laws  of  the 
distribution  will  be  that  every  particle  proceeds  with 
uniform  velocity  in  a  straight  line,  while  the  mass  {i.e., 
product  of  volume  and  density)  of  any  part  remains 
invariable.  To  formulate  these  requirements  in  tensor 
form  we  need  merely  define  the  tensor  of  the  second 
order 

and  write 


d^o 


=  0.^ 


This  gives  us  four  "  conservation  "  equations  which 
express  the  desired  facts,  independently  of  the  coordi- 
nates chosen.  If,  in  particular,  the  coordinates  are 
those  of  light-signaling  type  belonging  to  a  particle, 
these  conditions  imply,  respectively,  for  ^  =  1,  2,  3,  4, 
the  conservation  of  mass,  and  uniform  velocity  com- 
ponents in  the  direction  of  the  three  axes. 

It  is  easy  to  develop  a  satisfactory  theory  of  the 
behavior  of  free  matter  in  the  induced  gravitational 
field  by  means  of  the  equivalence  postulate.  By  that 
postulate,   the  equations  stated  above  will  maintain 

*  For  the  notation  of  covariant  differentiation  here  employed,  see  my  book 
Relativity  and  Modern  Physics,  p.  134. 
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their  form  in  this  case  also.  On  the  other  hand,  the 
field  equations  of  last  chapter  have  now  to  be  altered 
since  space-time  is  no  longer  empty.  If  we  write 
arbitrarily 

Rii-  iRgi^  =  xTij,    (x  =-  Stt), 

we  see  that  p  =  0  and  Tij  =  0,  in  empty  space,  so  that 
the  correct  field  equations  hold.  Moreover,  for  nearly 
stationary  free  matter  the  geodesic  motion  turns  out 
to  be  in  essential  agreement  with  the  Newtonian  law  of 
attraction.  Of  course  it  is  known  that  this  law  is  very 
nearly  valid.  From  these  new  equations  of  the  gravi- 
tational field  follow  the  four  equations  first  written. 
Hence  the  quantities  p  and  u^  are  determined  to  the 
precise  extent  required.  In  fact,  there  are  essentially 
ten  field  equations  and  fifteen  variables ;  one  further 
relation  is  known  to  exist  identically,  namely 

and  this  leaves  4  arbitrary  functions  in  the  general 
solution,  which  is  appropriate  to  the  four  arbitrary 
coordinates  at  our  disposal. 

It  is  possible  to  simplify  further  the  complete  equa- 
tions for  free  matter  in  the  gravitational  field.  If  we 
define  a  tensor 


it  is  obvious  that  v^  determines  p  and  u^  as  follows : 
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while  the  relation  Qa^W^u^  =  1  appears  as  an  identity. 
Hence  we  may  replace  the  above  equations  by  the  single 
tensor  condition 

Rij  —  ^Rgij  =  x^i^i, 

and  define  p,  u^  subsequently  as  above. 

Now  from  these  equations  follow  the  6  determinant 
conditions 


=  0, 


and  conversely.  Thus  we  have  eliminated  v\  The 
complete  theory  now  depends  on  these  equations  in 
the  g'iy's  only.  This  is  interesting,  as  showing  that  the 
Qij^  may  be  regarded  as  the  only  significant  field  func- 
tions in  a  space-time  containing  free  matter. 

The  theory  of  matter  later  given  will  contain  four 
functions  </)i  in  addition  to  the  ten  functions  gij. 

That  physical  condition  which  w^e  have  called  free 
matter  is  at  most  a  particular  or  limiting  form  of  what 
may  exist  in  nature.  Nevertheless  it  plays  a  part  of 
some  importance  in  the  transition  from  the  most  simple 
condition  of  all,  which  we  termed  isometric  space,  to 
the  general  condition.  The  direction  of  generalization 
is  determined  of  course  by  w^hat  are  conceived  to  be 
the  physical  facts,  but  these  are  taken  in  a  highly  quali- 
tative way.  Free  matter  represents  only  an  idealized 
physical  condition,  because  other  quantities  besides 
those  giving  density  and  velocity  are  important ;  in 
particular  the  pressure  must  be  taken  into  account. 

We  are  going  to  deal  next  with  the  electrically  neutral 
condition,  which  we  shall  call  the  fluid.     The  neutral 
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condition  throughout  soHds,  liquids,  and  gases  appar- 
ently sets  in  wherever  there  are  no  large  rapid  inter- 
changes of  energy.  However,  all  matter  in  its  atomic 
parts  seems  to  be  electrified,  so  that  the  neutral  condi- 
tion too  is  at  best  a  limiting  condition. 

It  might  be  supposed  that  free  matter  is  the  carrier 
of  positive  and  negative  electricity.  There  would  be 
no  difficulty  in  writing  down  a  set  of  tensor  equations 
embodying  this  hypothesis.  However,  in  such  a  con- 
dition of  matter  and  electricity,  there  would  exist  no 
stable  nucleus  or  electron.  This  fact  is  obvious  since 
electricity  of  positive  or  negative  sign  repels  other 
electricity  of  the  same  sign,  and  the  forces  of  repulsion 
called  into  play  in  the  process  are  great  out  of  all  pro- 
portion to  the  gravitational  attractive  forces  between 
the  material  carriers,  so  that  rapid  expansion  of  the 
atoms  would  take  place.  It  would  seem  inevitable 
that  there  should  exist  a  negative  pressure  or  tension 
inside  of  the  atoms  which  provides  a  counterbalancing 
force.  It  is  for  this  reason  that  the  simplest  possible 
fluid  which  possesses  such  a  tension  will  be  employed 
as  the  carrier  of  electricity.  Physical  theorists  like 
Poincare  who  have  aimed  at  a  mathematically  complete 
statement  of  physical  laws,  holding  within  matter  as 
well  as  outside  of  it,  have  found  it  necessary  to  postulate 
forces  of  this  character. 

It  may  be  asked  what  the  meaning  is  of  the  forces 
of  which  mention  is  made  so  freely.  In  ordinary  experi- 
ence there  is  an  intuitive  interpretation  of  course,  such 
as  make  up  all  our  physical  ideas.  But,  in  the  final 
analysis,  the  significant  fact  is  that  the  acceleration 
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of  matter  is  found  to  be  a  sum  of  certain  constituent 
parts.  These  parts,  when  multipHed  by  the  density 
of  matter,  are  the  forces  referred  to. 

With  this  imperfect  justification  of  the  next  step  in 
the  approach  here  adopted,  we  proceed  to  formulate 
the  first  of  the  three  special  postulates  upon  which  our 
theory  of  the  structure  of  matter  will  be  based. 

IX.  Postulate  of  the  Perfect  Fluid.  The  fluid 
state  of  matter  depends  upon  a  field  function  p,  the  density 
and  also  upon  a  functionally  related  pressure  p.  The 
fluid  moves  as  if  ''free'^  provided  that  the  pressure  is 
constant. 

The  special  relation  between  pressure  and  density 
may  be  written 

p  =  f(fi), 

where  the  function  /(p)  is  not  specified  for  the  present. 
If  it  remained  undetermined  throughout,  this  equation 
might  properly  be  termed  a  "  constitutive  equation,'' 
and  would  epitomize  a  gap  in  the  theoretical  develop- 
ment. 

According  to  the  second  part  of  the  postulate,  when 
pressure  and  density  also  are  constant,  equilibrium  is 
possible  just  as  it  is  for  free  matter  in  isometric  space- 
time.  This  means  then  that  constant  p  implies  the 
conservation  equations  earlier  written  for  free  matter. 
This  fact  is  most  simply  expressed  mathematically  by 
writing 

dTl  ^  dp 
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where  the  unit  of  pressure  is  to  be  properly  taken.  If, 
however,  the  definition  of  the  energy  tensor  of  the  fluid, 
Tijj  be  extended  so  that 

then  the  field  equations  and  the  conservation  equations 
will  have  the  same  form  as  for  free  matter.  Thus  the 
fluid  defined  appears  to  be  a  proper  generalization  of 
free  matter.  The  particular  properties  of  the  fluid  will 
of  course  depend  upon  the  constitutive  equation.  When 
p  =  0,  it  is  free  matter ;  when  p  =  p,  the  fluid  is  in- 
compressible;  when  p  =  ^p,  it  is  that  particular  type 
of  fluid  in  which  the  compressional  wave  travels  with 
the  velocity  of  light  in  every  direction. 

The  difference  between  those  parts  of  space  where 
the  '^  perfect  fluid  "  is,  and  those  parts  where  it  is  not, 
needs  to  be  mentioned.  The  functions  p  and  p  are 
to  be  regarded  as  defined  in  empty  space,  and  as  vanish- 
ing there.  On  the  other  hand,  the  velocity  must  be 
regarded  as  indeterminate  in  empty  space,  so  that  the 
velocity  components  are  not  field  functions,  properly 
speaking.  Hence  the  equations  become  meaningless 
where  there  is  no  fluid,  and  we  require  two  types  of 
equations,  the  one  specified  above,  and  the  other  ob- 
tained by  replacing  the  energy  tensor  Tij  by  0.  In 
addition  there  must  be  certain  boundary  conditions 
which  specify  the  behavior  of  the  functions  involved 
at  the  boundary  of  a  portion  of  perfect  fluid.  Such  a 
condition,  which  has  always  been  accepted  and  which 
can  be  mathematically  justified,  is  that  the  pressure 
and  density  of   the  fluid   both  vanish   at  the  boun- 
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dary,  so  that   these   functions  are  continuous  every- 
where. 

In  the  later  developments  we  shall  regard  the  perfect 
fluid  as  carrying  electricity,  and  so  subject  to  electrical 
forces.  The  conservation  equations  in  isometric  space- 
time  then  take  the  form 

=  f\ 

In  such  a  case  we  shall  define  /'  as  the  force  tensor,  and 
shall  measure  the  work  done  by  these  forces  as 


/■ 


Pdv    {dv,  the  element  of  four-dimensional  volume) . 


It  is  not  difficult  to  show  that  the  principle  of  con- 
servation of  energy  will  obtain  if  the  density  of  static 
energy  is  p  —  p.  This  principle  asserts  that  the  work 
done  by  the  forces  manifests  itself  as  static  and  kinetic 
energy.  The  principle  will  be  useful  to  us  later,  since, 
by  properly  defining  the  density  of  energy  of  electricity, 
the  principle  of  conservation  of  energy  will  hold  for 
matter  and  electricity  combined.  It  will  then  follow 
from  the  known  laws  of  radiation  of  electromagnetic 
energy  that  only  those  static  forms  of  distribution  of 
matter  and  electricity  can  be  stable  which  possess  the 
minimum  possible  energy.  In  other  words  it  will  be 
by  means  of  the  concept  of  energy  that  we  shall  try  to 
show  that  the  specific  theory  proposed  may  have  the 
property  of  stability  demanded  by  the  last  of  the  gen- 
eral postulates. 

The  second  of  the  three  special  postulates  is  con- 
cerned with  the  properties  of  electricity.     Anyone  who 
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has  done  experimental  work  in  electricity  thinks  of 
electricity  as  a  highly  mobile  substance  of  two  oppos- 
ing types  (positive  and  negative),  always  attached  to 
matter  in  amounts  which  tend  to  exactly  neutralize 
one  another.  Furthermore,  charges  of  like  type  repel 
one  another,  while  those  of  unlike  type  attract,  accord- 
ing to  the  inverse  square  law.  Electricity  in  circula- 
tory motion  is  found  to  behave  precisely  as  does  the 
magnet,  and  brings  into  play  magnetic  forces  in  addi- 
tion to  the  electric  forces  mentioned.  Thus  magnetic 
forces  are  thought  of  as  ultimately  due  to  closed  cur- 
rents of  electricity. 

It  is  obvious  that  the  measurement  of  these  electro- 
magnetic forces  is  always  accomplished  through  the 
use  of  matter.  But  it  is  customary  and  convenient  to 
leave  the  technical  specification  of  these  forces  aside 
as  not  a  part  of  electrical  theory  in  itself.  It  is  this 
abstraction  which  makes  the  notion  of  force  impor- 
tant. 

In  the  past  there  has  been  only  one  set  of  equations 
for  the  electromagnetic  forces  which  has  been  proposed 
in  empty  isometric  space,  namely,  those  embodying 
the  experimental  laws  enunciated  by  Faraday  and 
mathematically  contained  in  the  fundamental  equa- 
tions of  Maxwell.  If  we  define  the  second  order  elec- 
tromagnetic force  tensor  Fi,,  of  anti-symmetric  type, 
so  that  its  six  different  components  are  the  three  elec- 
tric and  the  three  magnetic  force  components,  X,  F, 
Z,  L,  M,  N,  and  if  a  denotes  the  density  of  electricity, 
these  equations  take  the  highly  elegant  tensor  form  of 
Maxwell-Lorentz : 
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dik  dii  dij  d^a 

According  to  the  laws  found  to  hold,  the  electrical  forces 
exerted  on  particles  in  motion  are  different  than 
for  particles  at  rest.  The  law  is  given  by  the  tensor 
equation 

fi  =  F,^u\ 

It  seems  highly  probable  that  these  equations  are  the 
simplest  ones  in  agreement  with  the  known  facts. 

Our  second  postulate  for  the  detailed  structure  of 
matter  is  then  merely  that  these  equations  do  obtain. 
It  may  be  stated  as  follows  : 

X.   Postulate  of  the  Electromagnetic   Field. 

The  ordinary  Maxwell- Lorentz  equations  of  the  electro- 
magnetic field  hold. 

A  more  elaborate  consideration,  such  as  I  have 
made  elsewhere,^  shows  that  the  equations  are  in  part 
deducible  from  more  fundamental  considerations  ;  but, 
inasmuch  as  the  phenomena  of  electricity  and  magne- 
tism are  not  as  much  the  subject  of  direct  experience 
as  are  those  of  empty  space  and  time,  it  appears  to  be 
best  merely  to  state  the  bare  hypothesis. 

According  to  these  equations,  the  energy  density  of 
electricity  in  isometric  space-time  is  measured  by  the 
invariant 

1     (^^2   4.    72   ^   ^2    _^    7^2    _|_    J^p   ^     7VT2)^ 

8  X 

^  Relativity  and  Modern  Physics,  Chapter  XII. 
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If  this  definition  is  adopted,  the  work  done  by  the  elec- 
tromagnetic forces  in  moving  matter  will  be  equal  to 
the  loss  of  electromagnetic  energy.  Hence  the  principle 
of  conservation  of  energy  holds  for  electricity  also. 

At  this  stage  we  are  led  with  Einstein  to  introduce 
an  energy  tensor  of  matter  and  electricity  combined, 
namely/ 

4  TT 

as  the  general  energy  tensor  for  a  perfect  fluid.  If  we 
employ  the  same  field  equations  as  before,  except  that 
this  modified  tensor  is  used,  it  follows  that  the  gravi- 
tational theory  in  the  quasi-stationary  state  is  the 
same  as  for  the  perfect  fluid  in  the  neutral  state,  i.e., 
that  electricity  has  no  gravitational  effect,  while  the 
fluid  moves  subject  to  the  proper  force  due  to  pressure 
and  the  electrical  force  on  the  attached  charge. 
Thus  the  complete  set  of  equations  is 

dFij      dF,,      dF,,      ^     dFi-       .      ^^ 

.  ^Kk  Ski  d^j  a^a 

Here  the  undetermined  function  /  is  the  only  function 
at  our  disposal  in  further  specifying  the  properties  of 
matter.  A  particular  choice  will  be  made  so  as  to  sat- 
isfy the  third  and  last  postulate.  Before  introducing 
this  postulate,  it  is  desirable  to  make  some  important 
remarks  concerning  the  nature  of  the  above  equations, 
and  to  simplify  them  as  far  as  may  be  by  the  elimina- 
tion of  unnecessary  field  functions. 

^  Cf .  Relativity  and  Modern  Physics,  p.  206. 
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In  the  first  place,  it  is  known  to  be  possible  to  replace 
the  tensor  F a  by  a  simpler  electromagnetic  four-poten- 
tial </)j,  in  such  wise  that  the  second  set  of  equations  is 
automatically  fulfilled,  by  writing 

rp       _   d(f)i   _  d(f>j 

The  remaining  equations  take  the  form 

oka 

in  which  it  is  understood  that  Fij  is  replaced  by  its  value 
in  terms  of  </>,. 

But  the  second  set  of  these  equations  permits  us  to 
eliminate  a  and  Ui,  since  from  them  we  obtain 

..^dF.'^dFJ  1    dFr 


y     -^^7-  ^^^y     ^^i  = 


and  conversely.  Hence,  if  we  understand  by  o-  merely 
its  expression  in  terms  of  the  four-potential  </>,,  and  by 
p  the  value  of /(p),  it  appears  that  our  complete  equa- 
tions take  the  unified  form 

Rij  —  i  Rgij  =  xTij. 

There  remain  only  the  15  dependent  variables 

Qij]  4>i',   P- 

There  are  essentially  10  equations  to  determine  them. 
Now  to  the  electromagnetic  potential  (f)i  may  be 
added  any  arbitrary  gradient  tensor  dS/d^i  without 
affecting  the  equations.  Hence  there  are  really  only 
14  dependent  variables  to  be  considered.     Thus  there 
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will  be  an  arbitrariness  of  4  arbitrary  functions  in  the 
general  solution  of  the  field  equations,  corresponding 
to  the  arbitrariness  in  the  choice  of  a  coordinate  system. 

In  this  simplified  form  the  distinction  between  the 
equations  in  empty  space  and  for  the  fluid  disap- 
pear, since  all  of  the  functions  involved  are  properly  field 
functions. 

Thus  an  important  unification  has  been  achieved. 
Furthermore,  since  a  static  solution  of  these  equations 
corresponds  to  values  of  ga,  (f>i,  p,  which  do  not  depend 
on  0^1,  there  will  result  values  of  u^  similarly  independent 
of  Xi.  Hence  in  a  static  distribution  there  will  in  gen- 
eral exist  steady  electrical  currents.  Matter  now  ap- 
pears as  merely  that  part  of  space  in  which  a  certain 
field  function  p  does  not  vanish. 

A  more  careful  examination  of  the  equations  of  such 
a  fluid  shows  that  a  certain  quantity 


/ 


-J— 
pe    f'dn 


is  conserved,  no  matter  what  external  forces,  such  as 
those  of  the  electromagnetic  field,  may  be  applied.^ 
For  example,  in  the  case  of  free  matter,  the  mass  is 
conserved ;  for  an  incompressible  fluid,  the  volume  is 
conserved  ;  but  in  general  this  quantit}^  has  no  obvious 
physical  significance. 

On  the  other  hand,  it  follows  from  the  fundamental 
equations  that  electricity  is  a  substance  of  invariable 
amount,  and  existing  only  as  attached  to  the  fluid. 

*  Cf.  Relativity  and  Modern  Physics,  p.  100. 
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Thus  we  have  two  quantities  analogous  to  density  and 
they  must  stand  in  a  relation  of  constant  proportion- 
ality for  all  time  at  a  particular  particle  of  the  fluid. 
Hence  if  we  write 

Vtt 

and  thus  define  the  function  0,  it  will  be  constant 
necessarily  all  along  the  world  line  of  the  particle.  We 
shall  call  </>  the  substance  coefficient.  This  name  is 
justified  by  the  fact  that  it  is  only  defined  where  matter 
is,  and  is  elsewhere  entirely  indeterminate.  It  can- 
not then  be  regarded  as  a  dependent  variable  in  our 
equations. 

If  we  concede  that  the  density  of  matter  is  always 
to  be  positive  in  sign,  it  is  obvious  that  the  substance 
coefficient  is  positive  where  the  density  of  electricity  a 
is  positive,  and  negative  where  a  is  negative.  We  are 
now  prepared  to  specify  the  form  of  the  function  /  by 
means  of  the  final  special  postulate. 

XI.  Postulate  of  Fluid  Tension.  The  tension 
—  p  in  the  perfect  fluid  is  proportional  to  the  square  of 
the  electrical  density  a. 

It  is  not  obvious  at  the  outset  that  it  is  possible  to 
choose  the  function  /  so  that  this  additional  requirement 
is  met,  but  we  shall  prove  that  it  is  possible  to  do  so. 

In  such  a  fluid,  the  density  and  pressure  of  the  fluid 
as  well  as  the  density  of  electricity  may  be  constant  when 
the  fluid  is  at  rest.  Now  no  matter  by  what  electro- 
magnetic forces  the  fluid  is  brought  into  a  new  state  of 
equilibrium,  the  substance  coefficient,  which  was  origi- 


154  INFLUENCE  OF   RELATIVITY 

nally  constant,  must  have  the  same  constant  value  as 
it  had  at  the  outset.  Accordingly  the  equation  last 
written  must  hold  if  we  replace  p  hy  —  i  cV,  accord- 
ing to  the  hypothesis  of  the  postulate.  Differentiating 
both  sides  of  this  equation  logarithmically,  there  re- 
sults the  ordinary  linear  differential  equation  of  the 

first  order  for  p, 

dp       p  2 

da       a 

Integrating  this  equation,  and  recalling  that  if  a  is  0, 
p  will  be  also,  we  find 

p  =  —  cV-  +  la. 

Therefore  we  find  the  only  possible  relation  between 
the  pressure  and  density  to  be  that  given  parametrically 
by  equations  of  the  type 

p  =-  i  kV,     p  =  T  -  k'r'^, 

where  k  is  to  be  taken  as  a  universal  physical  constant. 
If  we  substitute  these  values  of  p  and  p  in  the  equa- 
tion defining  the  substance  coefficient,  it  reduces  to 

0 

Vtt 

Hence  the  tension  is  not  only  proportional  to  the 
square  of  the  density  of  electricity,  but  also  to  the 
square  of  the  substance  coefficient,  which  seems  reason- 
able enough. 

In  this  way,  and  in  this  way  only,  the  choice  of  the 
arbitrary  function  /  entering  in  the  constitutive  equa- 
tion can  be  made  so  as  to  satisfy  the  requirement  of 
the  last  postulate. 
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At  this  stage  it  is  important  to  notice  several  facts 
about  such  a  perfect  fluid.  It  is  clear  that  the  range 
of  values  of  the  parameter  r  is  from  0  to  1/k^.  During 
this  variation  the  tension  constantly  increases,  while  the 
density  first  increases  to  1/4/c^  and  then  decreases  to  0 
at  the  ''critical  tension"  \/2k'^.  Because  of  this  dimin- 
ishing density  of  the  perfect  fluid,  there  will  be  increas- 
ing responsiveness  to  electrical  forces  as  the  critical 
tension  is  approached.  Since  the  total  charge  is  invari- 
able, the  volume  must  diminish  as  the  tension  and 
electrical  density  increase.  The  situation  is  directly 
contrary  to  what  is  observed  for  the  cohesive  forces 
of  ordinary  fluids.  It  is  not  to  be  forgotten,  however, 
that  electricity  is  always  present,  so  that  there  are 
counterbalancing  repulsive  forces.  Evidently,  since 
these  repulsive  forces  tend  to  increase  as  the  electrical 
density  increases,  the  tensional  forces  operate  so  that 
stable  equilibrium  may  be  possible. 

When  the  tension  exceeds  1/4A;-,  dp /dp  is  positive 
as  is  the  case  in  ordinary  fluids.  The  perfect  fluid  will 
then  offer  resistance  similar  to  that  of  an  ordinary 
fluid  under  pressure.  It  is  this  physical  property  which 
operates  to  maintain  the  separate  identities  of  colliding 
portions  of  the  fluid,  whether  they  are  oppositely  or 
similarly  charged. 

The  character  of  the  appropriate  boundary  conditions 
must  also  be  briefly  referred  to.  At  the  boundary 
between  a  region  occupied  by  the  fluid  and  empty  space 
it  is  natural  to  demand  that  the  pressure  and  density  of 
the  fluid  vanish.  This  is  the  case  for  ordinary  fluids,  and 
a  more  careful  consideration  based  upon  a  study  of  thin 
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transitional  layers  justifies  this  condition.  Similarly, 
there  must  be  continuous  variation  of  pressure  and 
density  in  passing  from  one  part  of  the  fluid  to  an 
adjacent  part.  Furthermore, the  components  of  elec- 
tric and  magnetic  force  will  be  taken  to  vary  continu- 
ously throughout  inasmuch  as  the  dielectric  constant  of 
the  fluid  is  taken  as  unity.^  The  density  a  of  electricity, 
however,  need  not  be  continuous  across  the  boundary 
between  oppositely  electrified  parts  of  the  fluid,  al- 
though this  density  must  vanish  along  a  boundary  in 
empty  space. 

With  these  considerations  in  mind,  we  are  in  a  posi- 
tion to  suggest  a  possible  development  of  a  theory  of 
atomic  structure. 

Let  us  imagine  a  very  large  number  of  primordial 
units  e  of  positive  electricity  attached  to  nuclei  with  a 
substance  coefficient  </>,  constant  throughout  these 
nuclei.  Under  the  action  of  mutual  forces  of  repul- 
sion, these  will  tend  to  scatter  and  thus  to  maintain 
their  individual  identities. 

To  begin  with,  let  us  investigate  the  possible  condi- 
tion of  equilibrium  of  an  isolated  atomic  nucleus  of  this 
sort.  Suppose  it  may  be  taken  to  possess  spherical 
symmetry.  If  r  denotes  the  radial  distance,  which  is  the 
essential  spatial  variable,  and  if  the  very  slight  gravita- 
tional forces  are  ignored,  the  equations  reduce  to 

dp         J.      dF,2F       . 
ar  ar         r 

1  Since  the  light  wave  has  unit  velocity  in  it. 
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where  F  stands  for  the  radial  electric  force.  The  mag- 
netic forces  vanish  of  course. 

If  we  express  p  in  terms  of  a,  the  first  equation  yields 

-k''ct>''— =  ttF. 
dr 

Eliminating  7^  from  the  second,  we  obtain 

d~<T    I    2  rfa;    ,    4  tt^      _  ^ 
dr^       r  dr       J^f^""  ~     ' 

If  then  we  write  y  =  ra,  we  find 

d^y   ,    4  TT-  ri 

dr^       k^cl)- 

a  differential  equation  of  familiar  elementary  type. 
The  only  solution  of  this  equation  which  can  yield  an 
even  function  cr  of  r  gives 

A     •     2irr 
a  =  —  sm  — — . 

r  k4) 

But  (7  must  vanish  at  the  boundary  of  the  nucleus, 
which  lies  therefore  at  r  =  nk(j)/2  (n  =  1,  2,  •  •  •). 
Moreover,  it  is  not  possible  that  n  exceeds  1,  since  a 
must  remain  positive.  Hence  the  radius  of  the  posi- 
tive nucleus  is  k(j)/2. 

In  order  to  ascertain  the  nuclear  charge  we  have 
merely  to  evaluate  the  expression 


-X 


2  (Tr'^dTj 


which  can  at  once  be  integrated  and  yields  the  expHcit 
formula 

e  =  k^(i>''A, 


158  INFLUENCE  OF  RELATIVITY 

Likewise  the  mass  of  the  nucleus  is  computed  to  be 

■y/ir        k^ 


and  the  total  static  energy, 

P  —  V  -\-  TT—  \rHr  = 
0  L  ^ttJ 


06    ,     e 


V^TT  /v(/) 


If  the  variation  of  static  energy  (with  given  total 
charge  e  and  substance  coefficient  </>)  is  obtained,  it  is 
found  to  vanish,  and  the  ordinary  tests  for  a  maximum 
are  fulfilled.  Hence,  if  the  static  nucleus  is  disturbed 
radially,  the  static  part  of  this  energy  is  decreased. 
Since  electromagnetic  radiation  of  energy  accompanies 
any  such  motion,  the  static  energy  must  diminish  to- 
wards some  other  minimum  value.  Therefore  we  con- 
clude that  this  type  of  nucleus  fails  to  fulfill  the 
requirement  of  radial  stability  which  is  so  essential. 

Further  consideration  shows  that  this  unstable  type 
of  nucleus  will  tend  to  contract  in  radius  until  its 
central  part  is  filled  with  a  sphere  of  the  fluid,  in  the 
massless  condition  of  minimum  pressure  and  surrounded 
by  a  shell  under  pressure  diminishing  to  zero  at  the 
outer  boundary.  It  is  this  type  of  nucleus  which  seems 
to  possess  the  required  stability. 

Now  imagine  that  an  electron  with  charge  —  e  and 
substance  coefficient  \l/  approaches  the  nucleus  under 
influence  of  the  mutual  electrical  attraction.  Experi- 
ment shows  that  \p/4>  is  a  very  small  quantity,  — 
about  1/1840,  —  so  that  the  mass  and  radius  of  the 
electron    are    correspondingly    smaller    than    for    the 
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nucleus.  Of  course,  the  electron  is  much  more  mo- 
bile because  of  its  smaller  mass,  and  so  will  develop  a 
high  velocity  of  approach,  while  that  of  the  nucleus 
will  not  be  affected  very  much. 

The  first  conjecture  which  one  naturally  makes  is 
that  electromagnetic  radiation  will  continue  until  the 
electron  attaches  itself  to  the  nucleus  in  an  outer  spheri- 
cal layer.  But  it  is  easily  seen  that  this  is  impossible. 
In  fact,  at  the  outer  edge  of  such  a  layer  the  density 
(7  must  vanish  as  before ;  and  since  the  total  charge  is 
0,  the  outside  electrical  force  F  will  vanish  also.  Since 
F  is  continuous  it  is  then  necessary  that  da/dr  vanishes 
at  the  outer  boundary.  Hence  it  follows  that  <t  and 
its  gradient  da/dr  both  vanish  there.  This  is  only  pos- 
sible if  (7  vanishes  identically,  w^hich  cannot  be. 

Inasmuch  as  the  electron  has  stability  of  the  same 
sort  as  the  nucleus,  it  appears  that,  in  the  final  quiescent 
state  after  all  possible  dissipation  of  energy  has  taken 
place,  both  will  take  a  position  in  mutual  contact  which 
is  of  much  more  stable  type  than  either  isolated  from 
the  other,  since  all  of  the  electromagnetic  energy  of 
the  external  field,  or  nearly  all  of  it,  has  been  lost.  If 
the  electron  is  rotating  about  the  nucleus  under  the 
influence  of  its  attraction,  the  orbit  will  be  nearly 
elliptic,  and  the  electromagnetic  effect  may  be  nearly 
equivalent  to  that  of  an  electric  current  in  the  same 
ellipse,  so  that  radiation  of  energy  takes  place  very 
slowly.  It  is  even  conceivable  that  under  such  rotation 
the  electron  must  inevitably  lengthen  into  a  radiation- 
less  rotating  anchor  ring.  Certainly  the  fluid  tension 
in  a  ring  of  this  kind  would  operate  to  hold  it  together. 
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Such  a  combination  of  a  nucleus  and  an  electron  may 
be  taken  to  be  the  hydrogen  atom. 

It  has  been  pointed  out  previously  that  in  any  such 
theory  as  that  here  proposed,  certain  further  boundary 
conditions  will  be  necessary  in  order  to  supplement 
the  differential  equations,  and  so  to  prescribe  somewhat 
the  primordial  distribution  of  matter  and  of  electricity. 
Accordingly  we  shall  assume  that  there  exist  also  nuclei 
with  substance  coefficients  —  0  (the  negative  of  that 
of  the  ordinary  nuclei)  and  with  charge  —  e.  It  will 
also  be  assumed  that  the  number  of  positive  nuclei  is 
the  same  as  the  number  of  negative  nuclei  and  electrons, 
while  the  number  of  positive  nuclei  is  less  than  three 
times  the  number  of  negative  nuclei  by  a  considerable 
margin. 

Hence,  in  the  resultant  statistical  distribution  under 
the  influence  of  electrical  attractions,  it  may  be  expected 
that  the  individual  nuclear  centers  formed  by  the  com- 
bination of  positive  and  negative  nuclei  will  carry  a 
positive  charge  less  than  three  times  the  negative  charge ; 
while  outside  of  this  nuclear  center  there  will  be  a 
number  of  mobile  attached  electrons  which  neutralize 
the  total  nuclear  charge.  The  notions  of  molecular 
combination  on  the  basis  of  electropositive,  electro- 
negative, and  neutral  atoms,  of  a  periodic  classifica- 
tion of  the  various  possible  types  of  atoms  or  elements, 
are  inherent  in  such  an  atomic  structure,  as  an  atomic 
theory  like  that  of  Lewis  and  Langmuir  shows. 

This  relative  frequency  of  positive  and  negative 
nuclei  in  the  various  chemical  elements  is  demanded 
by    the    observed    relationship    between    the    atomic 
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number  of  attached  electrons  and  the  atomic  weights, 
namely,  that  the  atomic  number  is  at  most  half  of  the 
atomic  weight.  For  if  a  is  the  number  of  positive 
nuclei  and  /3  of  negative  nuclei,  then  a  —  /3  is  the  atomic 
number,  and  a  -\-  ^  the  atomic  weight,  so  that 

a  -  /3  ^  i(a:  +  )8), 
whence 

a  ^  3  /3. 

It  is  a  striking  fact  that  the  approximate  constancy 
of  this  ratio  a//3  appears  as  inevitable  on  the  basis  of 
the  theory  here  advanced.  In  the  first  place  a  specific 
nuclear  distribution  of  the  electrically  charged  perfect 
fluid  gives  charges  1,  3,  5,  .  .  .  of  opposite  signs  in  suc- 
cessive layers  of  uniform  thickness.  This  and  other 
similar  distributions  indicate  that  the  atomic  weight 
a-\-  P  varies  as  the  squared  radius  of  the  nuclear  center. 
But  the  surface  electrical  force  varies  directly  as  the 
atomic  number  a  —  ^,  and  inversely'  as  the  square  of 
the  radius.  Combining  these  results,  it  appears  that 
the  ratio  (a  —  /3)/(q:  +  jS)  measures  the  surface  force  of 
electrical  attraction  on  a  nuclear  center.  Hence  if  two 
centers  approach  in  which  the  ratio  is  different,  the  one 
with  larger  electrical  force  will  be  likely  to  remove  a 
negative  nucleus  from  the  other  at  collision,  leaving  be- 
hind an  electron.  Thus  the  new  ratios  will  be  more 
nearly  equal.  Hence  graduall}"  the  ratios  will  approach 
approximate  equalit}^  throughout,  which  requires  that 
the  ratio  a/13  is  nearly  3  for  all  of  the  elements.  If  an 
incompressible  fluid  were  employed  as  the  carrier  of 
electricity,  such  a  constant  ratio  would  not  arise. 
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Radioactive  disintegrations  appear  in  this  theory 
as  evidence  of  incompleteness  of  statistical  equihbrium 
between  electrical  forces  at  the  surfaces  of  the  nuclear 
centers. 

The  fact  that  the  core  of  the  center  may  be  either  a 
positive  or  negative  nucleus  indicates  two  values  of 
the  atomic  number  a  —  (3  {at  most  as  large  as  2  (3)  for 
each  (3.  Thus  the  characteristic  series  of  atomic 
numbers  arises,  with  allowance  for  isotopes,  but  not 
requiring  all  atomic  numbers  to  appear. 

Let  us  carry  the  discussion  further  by  inquiring 
somewhat  into  the  atomic  series,  as  it  will  be  according 
to  this  theory. 

A  single  positive  nucleus  carrying  a  charge  w^hich  is  a 
multiple  of  e  will  not  come  into  existence,  for  compu- 
tation indicates  that  such  a  multiple  atom  has  a  greater 
energy  than  its  constituent  parts. 

This  result  shows  that  there  will  be  at  least  two 
layers  in  the  nuclear  center,  and  it  seems  likely  that 
there  will  be  onl}^  two  in  the  case  next  in  order  of 
simphcity. 

Suppose  then  that  there  are  p  positive  nuclei  and  q 
negative  nuclei  in  the  nuclear  center.  Let  us  suppose 
that  the  regions  of  the  inner  and  outer  layers  are  of 
thicknesses  s  and  t.  In  each  layer  t  will  satisfy  the 
same  differential  equation  as  a-,  since  r  is  a  constant 
multiple  of  o-,  and  r  is  continuous  across  the  boundary 
of  the  two  layers.  An  examination  of  the  equation 
ttF  =  —  k'^cf)'^  da-/dr  shows  too  that  dT/dr  has  the  same 
numerical  value  on  the  two  sides  (because  F  is  con- 
tinuous) but  of  opposite  signs.     Hence  the  graph  of 
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T  is  that  schematically  given  by  the  figure  below.  Now 
if  s  has  its  maximum  value  k(l>/2,  the  same  as  the  radius 
of  the  hydrogen  nucleus,  direct  integration  proves  that 
the  charge  of  the  outer  layer  is  three  times  that  of  the 
inner  layer.  If  s  dimin- 
ishes towards  its  mini- 
mum value  0,  then  t 
approaches  the  radius 
of  the  hydrogen  atom. 
In  this  limiting  case  the 

outer    charge    is    infi-  ^^     ^, 

^  Fig.  21. 

nitely  greater  than  the 

inner.  Thus  it  is  clear  that  at  any  intermediate  stage, 
like  that  indicated  in  the  diagram,  the  outer  charge 
will  exceed  three  times  the  inner  charge.  Hence  if  we 
ask  for  the  atom  either  of  least  atomic  weight  of  this 
type,  or  of  least  total  numerical  charge,  we  conclude 
that  its  atomic  weight  is  4  with  p  =  3  and  q  =  I,  and 
that  there  are  two  attached  electrons. 

Such  an  atom,  if  contracted  to  stable  form,  would 
naturally  correspond  to  the  helium  atom  appearing  next 
after  hydrogen  in  the  atomic  series. 

Moreover,  the  requirement  that  the  positive  nuclear 
charge  is  not  more  than  three  times  the  negative  nu- 
clear charge  is  fulfilled. 

According  to  the  principle  of  minimum  energy,  there 
is  probably  only  one  type  of  two-layer  nucleus. 

The  next  stage  is  clearly  that  of  a  three-layer  nucleus, 
with  either  two  positive  layers  and  one  negative,  or  two 
negative  and  one  positive. 

To  go  further  in  this  direction  would  require  more 
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elaborate  considerations.  I  propose  to  do  so  elsewhere. 
My  principal  purpose  here  has  been  to  show  how  a  very 
natural  and  simple  series  of  assumptions  of  the  purely 
mathematical  kind  might  yield  the  kind  of  structure 
which  gives  the  series  of  chemical  elements  and  many 
of  their  wonderful  properties.  The  specific  theory 
formulated  above  is  peculiar  in  that  ^'  negative  nuclei " 
are  introduced. 

To  sum  up,  then,  we  have  endeavored  to  construct  a 
mathematically  complete  theory  of  matter,  according 
to  which  it  is  merely  a  perfect  adiabatic  fluid  to  which 
electricity  is  attached.  The  pressure  of  the  particu- 
lar type  of  fluid  selected  is  so  chosen  that  the  pressure 
is  negative  (a  tension)  and  is  proportional  to  the  square 
of  the  density  of  electricity ;  the  electromagnetic 
forces  are  taken  to  obey  the  Maxwell-Lorentz  laws ; 
the  space-time  is  assumed  to  be  such  as  to  yield  the 
gravitational  theory  of  Einstein.  Everything  else 
follows  from  the  boundary  conditions,  which  assume 
that  the  electricity  is  distributed  in  charges  e  and  —  e, 
so  as  to  provide  for  positive  nuclei,  for  negative  nuclei 
of  the  same  mass,  and  for  negative  electrons  of  an 
equal  charge  but  of  much  lighter  mass.  These,  ag- 
gregated in  stable  combinations,  are  taken  to  ac- 
count for  the  various  kinds  of  atoms  of  the  chemical 
elements. 

This  is  the  kind  of  mathematical  explanation  of  the 
constitution  of  matter  toward  which  we  must  aim,  if 
we  believe  with  Pythagoras  in  the  domination  of  na- 
ture by  numerical  law.  But  no  theory  of  this  type 
can  hope  to  account  for  the  phenomenon  of  life,  for  it 
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will  possess  necessarily  extremely  narrow  limitations  of 
structural  complexity. 

No  mention  has  been  made  of  the  quantum  theory, 
despite  its  central  interest  for  physicists  to-day.  This 
theory  supplements  the  usual  physical  laws  in  order 
to  explain  spectroscopic  phenomena.  However,  if  a 
theory  like  the  above  were  to  lead  to  radiationless 
'^stationary  states,"  in  which  the  electrons  are  deformed 
into  closed  rotating  rings,  then  it  might  be  found  that 
such  supplementary  laws  were  consequences  of  the 
more  familiar  ones.  As  far  as  I  know  this  possibility 
has  not  been  taken  sufficiently  into  account  in  the 
past.     It  should  be  thoroughly  investigated. 


CHAPTER   VIII 

THE   PHILOSOPHICAL   INFLUENCE    OF   RELATIVITY 

It  is  the  chief  function  of  philosophy  to  furnish  as 
wide  and  well-balanced  a  view  as  possible  of  nature  and 
mind  —  those  antipodal  aspects  of  the  universe  between 
which  reality  lies.  Advances  in  the  physical  and  psy- 
chological sciences  have  always  exerted  a  potent  effect 
upon  philosophic  thought,  and  the  reciprocal  effect  has 
been  quite  as  noteworthy.  For  a  mathematician  like 
myself  it  is  indeed  a  daring  project  to  venture,  by  way 
of  conclusion,  into  this  speculative  realm,  and  to  at- 
tempt to  evaluate  the  philosophical  influence  of  the 
recent  theory  of  nature  called  relativity. 

By  very  definition,  what  is  accidental  is  without 
especial  interest  for  philosophy.  From  its  earliest 
beginnings  it  has  been  directed  towards  that  which  has 
general  significance  in  experience.  Schools  of  philoso- 
phy fall  into  two  classes :  the  first  type  takes  its  pri- 
mary model  in  some  generality  of  nature,  and  so  may 
be  called  objectivistic  ;  the  second  type  begins  with  some 
generality  of  mind  and  may  be  called  subjectivistic. 

The  penetration  of  nature  with  numerical  relation- 
ships was  doubtless  noted  very  early  by  man.  In 
truth,  the  most  useful  distinguishing  mark  of  any  class 
of  objects  is  its  number.     Everywhere  in  nature,  and 
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also  in  mind,  are  classes  and  accordingly  a  role  for 
number.  Pythagoras  and  his  school  perceived  that 
space  and  time  were  numerical  in  their  essence.  They 
conjectured  too  that  number  played  a  dominating  part 
in  other  ways ;  the  laws  of  the  musical  string  and  the 
motions  of  the  stars  and  planets  were  sufficient  indica- 
tion to  them  that  such  was  the  case.  The  keynote  of 
their  various  speculations  was  that  the  universe  was 
arithmetical  throughout. 

Plato  was  the  first  great  subjectivistic  philosopher. 
He  took  as  primary  the  model  of  abstract  mathematical 
truth.  His  conception  of  the  occupation  of  the  Deity 
was  that  of  continual  geometrizing.  It  was  his  great 
advance  to  have  appreciated  fully  that  there  were  other 
ideas,  not  reducible  to  number  or  form,  and  yet  having 
the  same  degree  of  living  reality ;  chief  among  them 
were  such  social  ideas  as  the  good  and  the  beautiful, 
which  had  been  so  highly  stressed  in  the  Socratic  teach- 
ings. Material  fact  was  held  by  him  to  be  less  real 
than  these  ideas  themselves. 

His  successor,  Aristotle,  was  inclined  to  a  more  objec- 
tivistic  view,  since  he  wished  to  ascertain  the  funda- 
mental generalities  by  direct  observation  as  well  as  by 
pure  reasoning.  He  was  led  to  the  invention  of  formal 
logic,  no  doubt  with  the  exemplar  of  geometry  in  mind, 
and  defined  the  fields  of  the  various  sciences. 

Thus  Greek  thought  advanced  far  enough  to  appre- 
ciate the  penetration  of  nature  and  mind  with  law. 
Perhaps  its  incompleteness  was  most  conspicuous  on 
the  subjective  side. 

With  the  Renaissance,  philosophers  began  to  examine 
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more  closely  the  immediate  deliverances  of  inner  experi- 
ence. The  familiar  dictum  of  Descartes,  Cogito  ergo 
sum,  illustrates  the  new  type  of  starting  point.  This 
introspective  attitude  created  an  immediate  extraor- 
dinary change  of  appearances.  Descartes  proposed 
to  account  for  the  difference  by  adopting  a  dualistic 
view  of  the  universe  in  which  nature  and  mind  were 
opposed.  Leibniz  envisaged  instead  a  world  of  self- 
subsistent  thought-monads.  Both  of  these  men  appear 
to  have  been  somewhat  misled  by  their  mathematical 
successes,  so  that  they  overestimated  the  power  of 
pure  reasoning.  Contrary  to  the  Aristotelian  spirit, 
they  attempted  an  a  priori  treatment  of  the  universe 
which  seems  to-day  largely  formal  arrangement. 

One  difficulty  which  philosophy  was  then  laboring 
under  deserves  to  be  explicitly  pointed  out,  namel}^,  the 
uncritically  accepted  notion  that  objects  were  seen 
even  as  they  were  in  essence.  For  this  reason,  Locke 
achieved  a  substantial  advance  by  classifying  certain 
properties  of  bodies,  like  size  and  shape,  as  primary, 
and  other  qualities,  like  color,  as  secondary  since  they 
exist  only  as  sensation.  Berkeley's  doctrine  that  esse 
is  percipi  went  still  further  in  the  same  direction,  while 
Hume  adopted  the  extreme  position  that  nought  was 
real  save  impressions  of  sense  and  ideas. 

The  psychological  ideas  of  Locke  and  the  physical 
ideas  of  Newton,  in  particular  the  latter' s  corpuscular 
theory  of  light,  fixed  an  apparently  impassable  gulf 
between  the  knower  and  the  known.  Nevertheless, 
space  and  time  were  still  held  to  have  an  a  priori  char- 
acter of  necessity.     It  was  in  this  way  that  Kant,  near 
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the  beginning  of  the  eighteenth  century,  was  led  to  his 
objectivistic  phenomenalism  with  the  knower  forever 
separated  from  the  thing-in-itself,  and  perceiving  it 
only  under  space  and  time  as  a  form  of  the  intui- 
tion. 

Hegel  abandoned  the  Kantian  idea  of  an  inaccessible 
reality  behind  knowledge.  He  centered  on  the  dynamic 
aspect  of  consciousness  in  its  continual  transformation 
of  the  immediate  sensory  data.  More  recently,  Berg- 
son  has  analyzed  consciousness  from  a  similar  position. 
For  him  also  the  starting  point  and  goal  lie  in  directly 
given  knowledge,  but  he  finds  the  essence  to  lie  in  a 
creative  evolution  of  thought  in  duration,  this  duration 
being  unmodified  by  treatment  as  an  abstract  moment 
of  time.  Thus  Hegel  and  Bergson  achieve  a  return  to 
complete  Berkeleian  subjectivity. 

It  is  apparent  that,  from  Descartes  to  Bergson,  all 
the  philosophers  mentioned  have  taken  their  point  of 
departure  in  a  new  psychological  insight. 

Similarly,  the  development  of  biological  thought 
has  been  the  inspiration  of  the  philosophy  of  Spencer 
and  of  a  whole  correlated  movement. 

Thus  it  appears  that  the  main  lines  of  approach  to 
nature  and  mind  are  mathematical,  physical,  biological, 
psychological,  and  social,  and  constitute  a  kind  of 
hierarchy.  In  each,  a  few  characteristic  notions  are 
fundamental,  while  all  else  is  relegated  to  a  minor 
place.  The  following  classification  (reminiscent  of 
that  given  by  Comte)  indicates  each  of  these  main  divi- 
sions, a  corresponding  tj^pical  system  of  philosophy 
and  some  of  the  leading  ideas : 
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Mathematical,  Absolute  Realism ; 

Class,  Relation,  Inference,  Abstraction. 
Physical,  Materialism ; 

Space-Time,  Matter,  Electricity,  Uniformity. 
Biological,  Detailed  Naturalism ; 

Organism,  Stimulus,  Function,  Evolution. 
Psychological,  Positivism ; 

Sensation,  Memory,  Will,  Idea. 
Social,  Ethical  Idealism ; 

Personality,  Freedom,  Value,  Ideal. 

Of  these,  the  earlier  are  objective,  the  later,  subjec- 
tive in  outlook.  The  test  of  the  objectivity  of  the 
mathematical  and  physical  levels  in  this  nature-mind 
spectrum  lies  in  the  fact  that  active  thought  at  these 
levels  goes  on  without  any  explicit  reference  to  mind ; 
the  thoroughgoing  subjectivity  of  the  psychological 
and  social  levels  is  revealed  by  the  opposite  condi- 
tion ;  the  biological  level  is  clearly  of  an  intermediate 
type. 

The  position  of  a  technically  developed  philosophical 
system  may  fall  at  an  intermediate  level ;  for  example, 
pragmatism  is  biological-psychological  in  its  structure. 
In  all  philosophies,  supreme  ''  reality  "  is  attached  to 
the  primary  level,  while  the  secondary  levels  are  held 
in  some  sense  to  be  derivative.  For  instance,  on  the 
biological  level,  inference  is  merely  a  process  of  thought 
which  '^  works " ;  and,  on  the  psychological  level, 
space  appears  as  a  complex  of  visual  and  tactual  asso- 
ciations. 

The  naming  of  the  nature-mind  spectrum  is  a  matter 
of  interest.  If  we  are  objectivistic  in  tendency  we  call 
it  the  Absolute ;  if  subjectivistic,  Knowledge. 
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In  my  opinion,  the  fact  that  these  levels  are  inde- 
pendent to  the  extent  of  being  largely  self-sufficient 
indicates  that  the  best  method  for  the  philosophic 
grasp  of  the  whole  is  to  take  the  various  levels  as  of 
coordinate  importance  and  reality.  At  least  this  is  the 
reasonable  philosophic  view  of  most  value  for  the  ordi- 
nary man,  even  if  it  be  merely  a  kind  of  naive  realism. 

The  greatest  direct  philosophical  influence  of  the 
physical  theory  called  relativity  lies  at  the  physical  level 
in  the  nature-mind  spectrum,  for  it  affects  the  meaning 
of  the  fundamental  terms. 

The  classical  concepts  of  absolute  space  and  absolute 
time  are  replaced  by  a  combined  space-time.  Time 
apart  from  space  and  space  apart  from  time  lose  their 
intrinsic  significance.  The  new  element  is  the  event, 
and  the  new  underlying  basis  is  the  four-dimensional 
space-time  continuum  of  events. 

The  matter  and  electricity  in  space-time  are  now 
thought  of  as  affecting  its  very  structure.  Uniformity 
of  phj^sical  law  still  holds,  but  this  uniformity  requires 
effects  in  the  physical  realm  to  be  locally  transmitted 
in  the  spatio-temporal  sense,  whereas,  in  the  older  view, 
the  ''  state  "  of  the  physical  universe  at  one  ^'  instant  '^ 
affected  the  immediately  subsequent  states  throughout 
all  space. 

It  was  mainly  to  the  careful  consideration  of  these 
influences  of  relativity  upon  the  philosophy  of  nature 
that  the  earlier  chapters  were  devoted. 

WTiitehead  ^  has  carried  the  new  view  of  nature  back 
to  the  mathematical  (i.e.,  logical)  level,  by  showing  how 

1  The  Concept  of  Nature,  Cambridge,  England,  1920. 
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space  and  time  arise  from  his  standpoint.  In  con- 
sciousness there  is  the  directly  ^'  discerned  "  and  also 
the  ultimately  ^'  discernible."  Classes  of  events  are 
what  are  discerned,  and  these  are  interrelated  through 
compresence  or  lack  of  compresence  in  consciousness. 
Thus  an  event  is  a  ^'  slab  of  nature."  The  technical 
relation  between  events  is  that  of  spatio-temporal 
inclusion.  The  method  of  extensive  abstraction  then 
yields  the  notion  of  the  idealized  event  or  point-instant 
as  a  collection  of  the  slab-like  events  mutually  in  the 
relation  of  inclusion.  The  method  is  such  that  the 
space  and  time  determined  are  clearly  relative  to  the 
means  of  measurement  employed.  A  point  is  merely 
a  collection  of  events  with  the  same  three  space  num- 
bers ;  an  instant  is  a  collection  of  events  w^ith  the  same 
time  number. 

As  is  indicated  by  Whitehead,  the  approach  to  space- 
time  given  in  these  general  terms  becomes  definitely 
mathematical  under  technical  elaboration.  In  this 
form  it  is  an  abstraction  of  space-time,  capable  of  giv- 
ing the  same  kind  of  service  for  the  new  theories  as 
various  other  logical  systems  perform  for  ordinary 
space  ;  it  is  similar  in  structure  to  Huntington's  system 
for  ordinary  space,  in  which  the  sphere  is  the  undefined 
element,  while  the  undefined  relation  is  inclusion.  It 
is  on  this  account  that  the  analysis  belongs  entirely 
at  the  mathematical  level. 

With  space-time  so  analyzed,  the  object  can  be  de- 
fined as  a  collection  of  events  united  by  a  certain  kind 
of  common  modality.  The  aim  of  the  physical  sciences 
is  then  to  specify  the  uniformities  underlying  the  be- 
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havior  of  such  objects  in  space-time,  in  terms  which 
are  essentially  independent  of  the  arbitrary  method  of 
space-time  measurement  selected. 

It  is  plain  that  Whitehead  builds  in  this  way  a  mathe- 
matical approach  to  the  new  theories,  of  philosophical 
type  just  because  the  general  logical  aspects,  rather 
than  the  technical  mathematical  ones,  are  stressed. 

Similarly,  Bergson  ^  has  pointed  out  an  interesting 
parallelism  between  his  own  speculations  and  the  later 
theories  of  relativity.  He  had  taken  the  notion  of 
duration,  unmodified  by  intellectual  analysis,  to  lie  at 
the  basis  of  experience.  Now  in  the  new  theories  the 
notion  of  the  measurable  interval  of  local  time  serves 
as  the  basis  for  the  subsequent  technical  construction 
of  measurable  space  and  time.  Hence  relativity  affords 
a  certain  independent  justification  of  the  validity  of 
Bergson's  prior  conclusions.  Moreover  he  has  called 
attention  anew  to  the  reality  of  the  notion  of  duration 
from  the  psychological  point  of  view,  in  that  two  beings 
can  identify  themselves  in  thought,  and  so  in  duration. 
Yet  there  are  two  kinds  of  simultaneity,  as  in  relativity. 
'^  The  first,"  says  Bergson,  ^^  is  interior  to  events,  it 
makes  part  of  their  materiality,  it  originates  in  them. 
The  other  is  simply  attached  to  them  by  an  observer 
exterior  to  the  system.  The  first  expresses  something 
about  the  system  itself ;  it  is  absolute.  The  second 
is  changing,  relative,  fictitious,  it  originates  in  dis- 
tance." 

For  the  relativist  the  flow  of  time  for  all  beings  is 
such  that  it  is  not  possible  to  conceive  of  this  multiple 

'  Duree  et  Simultaneite,  Paris,  1922. 
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time  as  a  simple  flow  without  distorting  its  inner  nature. 
To  a  certain  extent,  therefore,  Bergson's  refusal  to 
treat  time  abstractly  acquires  justification. 

These  reactions  of  Whitehead  and  Bergson  are  suffi- 
cient to  indicate  that  relativity  is  proving  very  sugges- 
tive at  the  mathematical  and  psychological  levels. 

Haldane  ^  has  attempted  to  apply  the  "  principle  of 
relativity,"  even  at  the  social  level,  in  dealing  with 
society  and  the  state.  But  here  he  is  referring  to  a  long- 
established  principle  largely  to  be  found  in  Plato,  as  the 
following  passage  of  Haldane's  makes  manifest : 

The  real  lesson  which  the  principle  of  the  relativity  of  knowledge 
teaches  us  is  alwaj's  to  remember  that  there  are  different  orders  in 
which  both  our  knowledge  and  the  reality  it  seeks  have  differing 
forms.  These  orders  we  must  be  careful  to  distinguish  and  not 
to  confuse.  We  must  keep  ourselves  aware  that  truth  in  terms  of 
one  order  may  not  necessarily  be  a  sufficient  guide  in  the  search  for 
truth  in  another.  We  have,  in  other  words,  to  be  critical  of  our 
categories. 

This  is  substantially  only  the  doctrines  of  the  differ- 
ing levels  of  thought,  stated  above. 

There  have  been  many  attempts  to  read  into  the 
Einstein  theories  a  significance  which  does  not  belong 
to  them. 

It  has  frequently  been  thought  that  the  use  of  an 
^'  observer  "  in  his  development  of  the  special  theory 
of  1905  indicated  the  presence  of  a  highly  subjectivistic 
element  in  physics  itself,  thus  reinforcing  the  subjecti- 
vistic point  of  view  in  philosophy.  But  it  is  very  easy 
to  phrase  the  new  theories  so  as  to  eliminate  the  "  ob- 

1  The  Reign  of  Relativity,  New  Haven,  1921. 
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server  "  entirely.  For  instance,  instead  of  stating  that 
"  an  observer  A  signals  to  J5  by  a  light  flash,  whereupon 
B  immediately  signals  back  to  A/^  one  may  say  that  a 
light  flash  goes  from  a  source  at  A  to  a  reflecting  surface 
at  B  and  so  back  to  A.  By  such  a  modification  of  Ein- 
stein's exposition  the  use  of  an  observer  is  easily  and 
naturally  avoided,  as  much  as  it  can  be  in  any  physical 
theory. 

There  is  another  claim  too,  made  by  Einstein  himself, 
that  the  laws  of  nature  must  be  invariant  in  form  under 
all  transformations  of  coordinates.  This  is  a  confusing 
form  of  statement.  The  fact  is  that,  while  the  lan- 
guage of  tensor  analysis  may  be  convenient  for  use  in 
the  formulation  of  the  laws  of  nature,  the  possibility 
of  such  formulation  has  no  bearing  on  the  character  of 
physical  laws.  For  example,  those  of  classical  physics 
can  also  be  completely  expounded  in  the  language  of 
tensors.  The  following  simple  analogy  will  serve  to 
show  how  this  can  be  possible.  A  plane  is  a  very 
specialized  type  of  surface,  and  yet  it  can  be  completely 
characterized  by  the  use  of  general  ideas  applicable  to 
all  curved  surfaces.  Note  first  that  the  angle  between 
two  intersecting  lines  on  a  curved  surface  has  a  mean- 
ing ;  note  further  that  the  length  of  a  line  on  such  a 
surface  has  a  meaning,  and  that  there  is  a  shortest  line 
between  any  two  points  —  the  geodesic  —  which  is  the 
straight  line  in  the  plane.  Hence  the  plane  can  be 
characterized  as  the  surface  such  that  the  three  geo- 
desies joining  any  three  points  intersect  in  three  angles 
whose  sum  is  precisely  a  straight  angle.  Clearly  this 
characterization  is  couched  in  general  terms,  and  yet 
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is  complete  as  far  as  the  interior  properties  of  the  plane 
are  concerned. 

Also,  despite  the  unusual  generality  of  the  formula- 
tion of  laws  in  the  theory  of  relativity,  its  physical  con- 
tent is  as  specific  as  that  of  previous  theories.  For 
example,  the  rotation  of  a  small  body  has  a  perfectly 
definite  significance,  although  the  opinion  has  been 
widespread,  in  accordance  with  the  claim  of  Einstein 
himself,  that  rotation  is  ^^  relative."  It  is  doubtless 
very  reasonable  that  if  there  were  only  a  single  central 
body  it  could  not  be  rotating  —  for  with  respect  to 
what  could  it  be  rotating?  Nevertheless  the  theory 
declares  that  it  may  be  rotating,  namely,  with  respect 
to  beams  of  light  sent  out  from  the  body.  Hence,  as 
it  stands,  the  general  theory  of  relativity  fails  to  meet  a 
plausible  philosophical  requirement. 

Yet  it  is  specific  in  all  respects,  even  if  formulated  in 
a  language  of  greater  generality  than  was  useful  in  the 
old  theory.  Now  it  may  be  that,  when  the  laws  of 
physics  are  formulated  in  terms  of  arbitrary  coordi- 
nates, they  appear  as  the  simplest  laws  qualitatively 
consistent  with  the  known  facts.  If  this  be  the 
case,  a  mystical  truth  of  high  importance  is  revealed ; 
and  this  is  perhaps  the  truth  which  Einstein  had  in 
mind. 

There  is,  however,  a  sense  in  which  relativity  can  be 
made  to  throw  further  light  upon  the  mathematical- 
logical  factor  in  mind  and  nature,  namely,  as  a  typical 
instance  of  the  abstraction.  This  is  only  the  case  be- 
cause the  familiar  classical  abstractions  of  space  and 
time    have    been    held    sacrosanct    and    qualitatively 
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different  from  all  other  abstractions.  But  the  theory 
of  relativity  has  made  it  clear  that  it  is  not  yet  possible 
to  decide  what  will  be  the  final  abstract  form  which 
physical  theories  will  take,  even  in  dealing  with  space 
and  time. 

In  consequence,  certain  elementary  truths  about 
abstract  structures  at  any  level  of  thought  have 
not  been  properly  appreciated  in  the  past.  It  is  to 
these  truths,  as  instanced  in  relativity  and  applicable 
in  a  measure  to  philosophy,  that  I  propose  to  turn 
now. 

The  word  ^'  abstraction  "  is  to  be  interpreted  here 
in  a  very  wide  sense.  When  a  primitive  man  looked  at 
the  sun  and  the  moon,  it  must  have  been  obvious  in  his 
mind  that  there  was  a  similarity  about  the  two  objects. 
Here  the  perception  of  likeness  amid  difference  is  the 
nascent  intuition,  the  forerunner  of  the  symbolic  ab- 
straction. The  same  fact  in  the  language  of  the  early 
Greeks  would  have  been  expressed  by  saying  that  the 
sun  and  moon  were  spherical  in  shape.  But  the  entire 
meaning  of  such  a  statement  was  latent  in  the  percep- 
tion of  the  primitive  man.  Moreover,  even  the  Greeks 
used  various  intuitions  in  their  geometric  reasoning 
which  were  not  explicitly  stated.  Within  recent  years, 
however,  symbolic  logic  has  become  available  as  a  cal- 
culus {i.e.,  a  very  brief  complete  language  in  which  the 
words  are  symbols)  with  which  to  deal  with  abstrac- 
tions. Certain  postulates  (i.e.,  intuitive  inferences) 
are  stated  in  explicit  form,  and  then  by  a  chain  of  infer- 
ences all  the  latent  meaning  of  the  systematized  abstrac- 
tion is  developed.     Thus  the  abstraction  appears  in 
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three  stages :  the  nascent  or  purely  intuitive  stage, 
the  stage  of  systematic  elaboration  and  application, 
and  the  completely  symbolic  stage. 

The  various  stages  of  an  abstraction  can  be  given  a 
very  simple  exemplification  in  the  abstraction  of  local 
time.  The  first  stage  is  that  in  which  it  is  perceived 
that  the  order  of  events  will  be  A,  B,  C,  etc.  In  the 
second  stage  the  notions  of  "  before  "  and  "  after  " 
will  have  been  embodied  in  the  symbolic  w^ord  so  that 
A  will  be  declared  to  happen  before  B,  etc. ;  at  the 
same  stage  it  will  be  held  intuitively  obvious  that  if  A 
happens  before  B,  and  B  happens  before  C,  then  A 
happens  before  C  —  a  postulate  ;  events  will  be  num- 
bered, so  that  arithmetized  time  is  available  in  dealing 
with  events.  In  the  final  symbolic  stage  the  notion 
of  an  instant  of  time  will  be  arrived  at  by  abstraction 
of  the  time  continuum.  It  will  be  proved  that  with 
the  class  of  "  instants  "  as  undefined  elements,  and 
with  "  before  "  as  undefined  relation,  and  obvious 
postulates,  the  time  continuum  can  be  completely 
characterized.  This  is  the  third  and  last  step.  The 
final  abstraction  seems  to  stand  out  and  exist  at  the 
mathematical  level,  apart  from  any  concrete  embodi- 
ment of  it,  in  a  very  remarkable  way. 

Thus,  properly  interpreted,  the  abstraction  is  of 
transcendent  importance.  Only  by  means  of  the  com- 
plementary processes  of  abstraction  and  experiment  is 
it  possible  to  extend  knowledge. 

We  are  thus  led  to  state  as  a  first  principle : 

I.  Abstractions  originate  in  the  domain  of  the 
intuitively  perceived. 
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The  second  general  principle  is  essentially  that  given 
by  Haldane,  and  may  be  stated  as  follows : 

II.  Every  abstraction  is  to  be  applied  in  its  appro- 
priate domain  of  validity. 

For  example,  the  geometry  of  Euclid  idealizes  static 
spatial  relations  although  none  are  exactly  static.  The 
special  relativity  holds  only  for  empty  space-time,  and, 
while  space-time  is  nearly  empty  of  matter  in  certain 
parts,'  it  is  not  exactly  so.  Likewise,  the  general  rela- 
tivity assumes  that  there  is  no  limit  to  the  indefinitely 
fine  structure  of  matter. 

However,  all  these  particular  abstractions  apply  at 
the  physical  level.  At  the  other  levels  the  abstractions 
used  are  far  less  exactly  applicable,  in  particular  be- 
cause the  meaning  of  the  various  terms  is  not  suscep- 
tible of  equally  precise  technical  definition. 

This  seems  to  be  more  or  less  in  the  nature  of  the 
case,  since  only  physical  entities  are  presumed  to  be 
elementary,  while  those  of  biological,  psychological,  or 
social  type  are  statistical  (although  not  less  important 
on  that  account). 

III.  As  more  complete  abstractions  are  made,  they 
may  be  expected  to  include  their  predecessors. 

Thus,  in  a  sense  specified  previously,  the  special 
theory  of  relativity  includes  the  classical  theory, 
as  the  case  of  very  small  relative  material  velocities ; 
and  the  general  theory  of  relativity  includes  the  spe- 
cial, as  the  case  when  matter  is  very  sparsely  distrib- 
uted. 

In  general,  the  advances  in  the  physical  and  psycho- 
logical sciences,  as  well  as  in  philosophy,  suggest  the 
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Hegelian  principle  that  new  abstractions  contain  their 
predecessors  in  some  sense  or  other. 

IV.  The  undefined  elements,  relations,  and  postulates 
of  a  particular  abstraction  are  to  a  large  extent  arbitrary. 

For  example,  the  solid  may  be  made  the  element  in 
ordinary  geometry,  as  well  as  the  point.  In  the  latter 
case  the  undefined  relation  may  be  "  betweenness  "  or 
''  separation. '^  Similarly,  in  relativity  we  may  take 
the  four-dimensional  extended  event  or  the  point- 
instant  as  the  element ;  and  in  the  latter  case  the  unde- 
fined relation  may  be  "  local  time  "  or  ^'  local  distance." 
The  range  of  choice  is  always  very  large,  and  there  are 
many  interesting  possibilities  besides  those  referred  to. 

Hence,  even  though  the  undefined  elements,  relations, 
and  postulates  are  selected  so  as  to  have  a  large  degree 
of  self-evidence,  the  choice  made  is  by  no  means  deter- 
mined by  this  requirement.  If  two  available  sets  of 
undefined  elements,  relations,  and  postulates  are  con- 
sidered, either  can  be  completely  interpreted  in  terms 
of  the  other.  Hence  actual  difference  in  conclusions 
does  not  follow  from  the  difference  of  terminology. 
The  essential  item  is  that  all  elements,  relations,  and 
postulates  from  the  one  system  can  be  systematically 
interpreted  in  the  other,  and  vice  versa. 

On  this  account,  the  fact  that  there  are  many  philo- 
sophical systems  does  not  necessarily  imply  any  essen- 
tial differences  between  them,  except  in  so  far  as  the 
meaning  of  the  terms  used  cannot  be  consistently  inter- 
preted back  and  forth.  For  example,  suppose  that  one 
philosophical  system  regards  as  real  only  what  lies  at 
the  physical  level,  and  a  second  such  system  holds  to 
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the  superior  reality  of  the  psychological  level.  Not- 
withstanding this  difference,  it  may  be  possible  for 
either  to  interpret  technically  the  kind  of  reality  used 
by  the  other.  The  mere  difference  in  usage  of  words 
is  not  significant.  Of  course,  if  the  abstractions  have 
reference  to  ascertainable  fact  and  differ  in  a  substantial 
way,  experiment  will  reveal  which  of  the  two  is  correct. 
However,  since  systems  of  philosophy  do  not  differ  about 
the  facts  at  the  various  levels  as  much  as  about  their  in- 
terpretation, it  seems  patent  that  such  systems  may  be 
abstractions  with  different  undefined  elements,  relations, 
and  postulates,  but  otherwise  in  satisfactory  harmony. 

V.  The  usefulness  of  an  abstraction  is  relative  to  its 
inherent  simplicity  of  structure  and  its  agreement  with 
the  facts. 

For  example,  the  usefulness  of  the  theory  of  relativ- 
ity depends  on  the  circumstance  that  it  possesses  the 
same  inherent  simplicity  as  the  classical  theory,  while 
it  explains  more  facts  than  that  theory  did.  Similarly, 
a  philosophical  system  possesses  merit  only  in  propor- 
tion to  its  simplicity  and  capacity  of  accounting  for  the 
facts  of  mind  and  nature. 

The  five  general  principles  above  ought  in  particular 
to  apply  to  the  social  abstractions,  which  deal  with 
ethical  and  religious  questions,  and  have  a  large  impor- 
tance for  the  individual  and  for  the  race.  Like  the 
abstractions  of  space  and  time,  some  of  them  have  often 
been  held  final  and  unmodifiable.  It  is  accordingly 
very  natural  to  conjecture  that  this  opinion  is  not 
justified.  Let  us  attempt  to  apply  those  principles 
at  the  social  level. 
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Inasmuch  as  all  abstractions  develop  from  an  intui- 
tive phase,  genuine  intuitions  in  ethical  or  religious 
matters  may  safely  be  regarded  as  the  forerunners  of 
subsequent  abstractions.  They  must  therefore  be 
given  weight  and  consideration,  and  yet  must  be  ex- 
amined with  care.  The  existence  of  many  social  intui- 
tions is  unquestionable. 

The  limitation  of  the  domain  of  validity  of  a  par- 
ticular abstraction  and  its  tendency  to  be  included  in  a 
larger  one,  suggest  the  gradual  evolving  of  the  accepted 
social  code  in  such  wise  that  all  values  are  retained 
during  the  process.  Relativity  does  not  suggest  then 
that  ideals  are  relative  and  shifting,  but  rather  that 
they  will  enlarge  from  time  to  time. 

The  great  variety  of  ways  in  which  one  and  the  same 
abstraction  may  be  approached  indicates  that  the  real 
differences  of  underlying  opinion  at  the  social  level 
can  only  be  inferred  when  there  exist  practical  decisions 
that  are  different.  Undoubtedly  this  fact  should  make 
for  sympathy  and  for  tolerance.  A  similar  conclusion 
is  sometimes  drawn  from  the  supposedly  subjectivistic 
character  of  relativity. 

Finally,  social  abstractions  ought  to  be  simple  and 
straightforward,  designed  so  as  to  be  actually  applica- 
ble under  wide  conditions. 

Thus  the  true  role  of  the  systematized  abstraction 
has  become  more  apparent,  and  freedom  has  been  won 
to  use  a  formula  or  a  theory  and  yet  not  be  enslaved  to 
it.  Undoubtedly  relativity  has  acted  as  a  salutary  in- 
fluence in  this  direction  upon  the  entire  field  of  human 
thought. 
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